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r : uniform random number in interval [ 0 , 1 ]

f (x ) : given probability density function

f : x ∈ [ − ∞ , ∞ ] → f (x ) ∈ [ 0 , ∞ ]

∫

− ∞

∞
f (x ) dx = 1 ( 1 )

We define the following two monotone nondecreasing functions F (x ) , G ( x )

F(x ) ≡
∫

− ∞

x

f (x ) d x F( − ∞ ) = 0 , F(∞ ) = 1

G ( x) ≡ F− 1 ( x) G ( 0) = − ∞ , G ( 0) = ∞
( 2 )

Using this function G , map of uniform random numbers

y = G ( r) ( 3)

yields density function f (x ) .

( Proof)

We suppose g(x ) as the probability density function which y comes from, then

g( y) d y = p( r) d r y = G ( r) ( 4)

and

g( y) d y = g( y)

∣∣∣∣
∂y

∂r

∣∣∣∣ d r

= g( y)G ′(F( y) ) d r

( 5)

By definition p( r) = 1 , therefore

g( y) =
1

G ′(F( y) )
( 6)

Here we remind that function G is inverse function of function F

G ′(F( y) ) · F ′( y) = 1 ( 7)

After all, we conclude

g( y) = F ′( y) = f ( y) ( 8)

which means y comes from a density distribution f .
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If indefinite integral of given distribution is not holomorphic, the method mentioned above can’ t
be suitable. In case of Gaussian, the following method is known.

r1 , r2 : uniformly distributed random numbers in interval [ 0 , 1 ] respectively.

We define the following map:

( r1 , r2 ) ∈ D : [ 0 , 1 ] × [ 0 , 1 ] → ( x1 , x2 ) ∈ <2

x1 = g( r2 ) cos( 2πr1 )

x2 = g( r2 ) sin( 2πr1 ) where g( r) = − 2 log r
√ ( 9)
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Variables x1 and x2 come from a probability density function:

f (x ) = N( 0 , 1 ) =
1

2π
√ e

− x
2

2 ( 1 0)

[Proof]

We suppose that p( r1 , r2 ) and ϕ ( x1 , x2 ) are probability density functions which ( r1 , r2 ) and (x1 ,
x2 ) come from respectively, and then

p( r1 , r2 ) d r1d r2 = ϕ (x1 , x2 ) d x1d x2

= ϕ (x1 , x2 )

∣∣∣∣
∂( x1 , x2 )

∂( r1 , r2 )

∣∣∣∣ d r1d r2
( 1 1 )

By definition,

p( r1 , r2 ) ≡ 1 ( 1 2 )

∣∣∣∣
∂(x1 , x2 )

∂( r1 , r2 )

∣∣∣∣ =

∣∣∣∣∣∣∣∣

∂x1

∂r1

∂x2

∂r1

∂x1

∂r2

∂x2

∂r2

∣∣∣∣∣∣∣∣
= − 2πg( r2 ) g ′( r2 ) ( 1 3)

Therefore,

ϕ (x1 , x2 ) = − 1

2π g( r2 ) g ′( r2 )
( 1 4)

Here we apply the definition g( r) = − 2 log r
√

in Eq. ( 9)

g ′( r) = − 1

− 2 log r
√ · 1

r

= − 1

r g( r)

( 1 5)

ϕ (x1 , x2 ) =
1

2π
r2 =

1

2π
g− 1
(

x1
2 + x2

2
√ )

( 1 6)

Finally,

ϕ (x1 ) =

∫

− ∞

∞
ϕ ( x1 , x2 ) d x1d x2

=
1

2π

∫

− ∞

∞
e
− x 1

2 + x 2
2

2 d x1d x2

=
1

2π
√ e

− x 1
2

2

( 1 7)

[Q. E. D]
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