How to make random numbers yield a given distribution from uniform random numbers
r : uniform random number in interval [0, 1]

f(z) : given probability density function
fize[—o00,00]— f(x) €0, ] /_OO flz)dx=1 (1)

We define the following two monotone nondecreasing functions F'(z), G(x)

F(x)E/_Z flz)dz F(—00)=0,F(c0)=1
G(x)=F~(x) G(0)=—00,G(0) =00

Using this function G, map of uniform random numbers

y=Gl(r) (3)
yields density function f(x).
(Proof)
We suppose g(z) as the probability density function which y comes from, then

9(y)dy=p(r)dr y=Gl(r) (4)
and
9(y)dy =g(y)‘@ dr (5)
=9(y)G'(F(y))dr
By definition p(r) =1, therefore
9 = Gy (6)

Here we remind that function G is inverse function of function F'

G'(F(y)) - F'(y)=1 (7)

After all, we conclude

which means y comes from a density distribution f.

How to make random numbers yield Gaussian distribution

If indefinite integral of given distribution is not holomorphic, the method mentioned above can’t
be suitable. In case of Gaussian, the following method is known.

r1, 72 : uniformly distributed random numbers in interval [0, 1] respectively.

We define the following map:

(7“1, 7“2) eD: [0, 1] X [0, 1] — ($1, $2) eR?
x1 = g(ra)cos(2mr) (9)
xo = g(r2)sin(27ry) where g(r) = /= 2logr



Variables z1 and x5 come from a probability density function:

\/12_;*% (10)

flx)=N(0,1)=
[Proof]

We suppose that p(r1, r2) and (1, z2) are probability density functions which (71, r2) and (1,
x2) come from respectively, and then

p(r1,re)dridrys = p(x1, x2)d x1d T2
(9(1'1 :L'Q) (11)
=p(x1,T2)| =——|dridr
<,0( 1 2) 5(7“1,7“2) 1472
By definition,
p(ri,re) =1 (12)
(9:171 (9952
d(x1, x2) ory or /
e Sab bl V) =—9 1
' 8(7“1,7“2) % % 7"-.9(762)9 (TQ) ( 3)
Ore  Ors
Therefore,
1
T, @) = — 14
) = g ) )
Here we apply the definition g(r)=+/—2logr in Eq.(9)
gr) =——a 1
—2logr 7
V7 (15)
~ ()
1 1
<p(:61,:62)=2—T2=—g_1(\/w?+$§) (16)
us 2
Finally,
p(z1) :/ o(x1,22)dx1d T2
1700 o _ef+a3
=5 i e 2z dxidxo (17)
1 =
= e
V2T
[Q.E.D]



