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Defin i ti on of th e sp i n sp i n correl a ti on coeffici en t κ

1 . Define a quantization basis for t and t̄ : ζ̂

• off-diagonal, helicity, beam axis ( z-axis) , . . .

2 . Quantize t and t̄ spins along ζ̂ : s t( ζ̂ ) , s t̄ ( ζ̂ )

• spin1 /2 ⇒ s t , s t̄ = ↑ , ↓

3. Number of tt̄ in state s ts t̄ : Ns ts t̄

4. κ ( ζ̂ ) =
N↑ ↑ + N↓ ↓ − N↑ ↓ − N↓ ↑
N↑ ↑ + N↓ ↓ + N↑ ↓ + N↓ ↑

• Depends on the quantization basis

Angu l ar d i str i bu ti on of `± i n tt̄ wi th κ

Suppose a spin state of tt̄ in the basis of ζ̂ at the production as

〈 t , t̄ | = 〈 i | ↑ ↑ 〉 〈 ↑ ↑ | + 〈 i | ↑ ↓ 〉 〈 ↑ ↓ | + 〈 i | ↓ ↑ 〉 〈 ↓ ↑ | + 〈 i | ↓ ↓ 〉 〈 ↓ ↓ |
≡ α i 〈 ↑ ↑ | + βi 〈 ↑ ↓ | + γi 〈 ↓ ↑ | + δi 〈 ↓ ↓ |

,

where i represents index of initial states, and

N↑ ↑ ∝
∑

i

| α i | 2 , N↑ ↓ ∝
∑

i

| βi | 2 , N↓ ↑ ∝
∑

i

| γi | 2 , N↓ ↓ ∝
∑

i

| δi | 2 .

Suppose `± flight directions in t( t̄ ) rest frame are ( θ± , ϕ± ) in the basis of ζ̂ .

S ince t( t̄ ) spin is polarized along `± flight direction, we can write t( t̄ ) spin state after decay as

| t( `) 〉 = e− iϕ+/ 2cos
θ+

2
| ↑ 〉 + e iϕ+/ 2sin

θ+

2
| ↓ 〉 ≡ a | ↑ 〉 + b | ↓ 〉

∣∣ t̄ ( `̄ )
〉

= − e iϕ− / 2sin
θ−
2
| ↑ 〉 + e− iϕ− / 2cos

θ−
2
| ↓ 〉 ≡ c | ↑ 〉 + d | ↓ 〉 .

i . e. a spin state of tt̄ after decay is

| t , t̄ 〉 = a c | ↑ ↑ 〉 + a d | ↑ ↓ 〉 + b c | ↓ ↑ 〉 + b d | ↓ ↓ 〉 ,

where

a c = − e− i ( ϕ+− ϕ− ) / 2cos
θ+

2
sin

θ−
2

a d = e− i ( ϕ+ + ϕ− ) / 2cos
θ+

2
cos

θ−
2

b c = e i ( ϕ+ + ϕ− ) / 2sin
θ+

2
sin

θ−
2

b d = − e i ( ϕ+− ϕ− ) / 2sin
θ+

2
cos

θ−
2
.

The matrix element of tt̄ decaying dileptons with ( θ± , ϕ± ) is

1



|M | 2 ∝
∑

i

[
| α ia c + βia d + γib c + δib d | 2

]

=
∑

i

(αi
∗a∗c∗ + βi

∗a∗d∗ + γi
∗b∗c∗ + δi

∗ b∗d∗ ) (αia c + βia d + γib c + δib d)

=
∑

i

[
| α ia c | 2 + | βia d | 2 + | γib c | 2 + | δib d | 2 + ( interference terms)

]

Interference terms have the factor e± iϕ+ or e± iϕ− and are vanished if integrated over ϕ± , i . e.
∫
|M | 2dϕ ∝

∑

i

[
| αia c | 2 + | βia d | 2 + | γib c | 2 + | δib d | 2

]

= cos2
θ+

2
sin2 θ−

2

∑

i

| αi | 2 + sin2 θ+

2
cos2

θ−
2

∑

i

| δi | 2

+ cos2
θ+

2
cos2

θ−
2

∑

i

| βi | 2 + sin2 θ+

2
sin2 θ−

2

∑

i

| γi | 2

∝ ( 1 + cosθ+ ) ( 1 − cosθ− )

4
N↑ ↑ +

( 1 − cosθ+ ) ( 1 + cosθ− )

4
N↓ ↓

+
( 1 + cosθ+ ) ( 1 + cosθ− )

4
N↑ ↓ +

( 1 − cosθ+ ) ( 1 − cosθ− )

4
N↓ ↑

=
1 − cosθ+cosθ−

2
(N↑ ↑ + N↓ ↓ ) +

cosθ+ − cosθ−
4

(N↑ ↑ − N↓ ↓ )

+
1 + cosθ+cosθ−

2
(N↑ ↓ + N↓ ↑ ) +

cosθ+ + cosθ−
4

(N↑ ↓ − N↓ ↑ )

−

−

−

−

t

t

t

t

t

t

t

t

P−reversal

P,CP−reversal

Assume P conserved: N↑ ↑ = N↓ ↓ , N↑ ↓ = N↓ ↑

Assume CP conserved: N↑ ↓ = N↓ ↑

Here we suppose NP ≡ N↑ ↑ = N↓ ↓ , and NA ≡ N↑ ↓ = N↓ ↑ , i . e. κ = (NP − NA ) / (NP + NA ) .
∫
|M | 2dϕ ∝ ( 1 − cosθ+cosθ− )NP + ( 1 + cosθ+cosθ− )NA

= (NP + NA ) ( 1 − κcosθ+cosθ− )

Finally we obtain

1

σ

d2σ

d cosθ+d cosθ−
=

1 − κcosθ+cosθ−
4

.

Here we wiped off the interference terms by integrated over ϕ± , and assumed N↑ ↑ = N↓ ↓ , N↑ ↓ =
N↓ ↑ .

* ) In Review of Particle Physics 2006, p. 522 , it is written as

1

σ

d2σ

d cosθ+d cosθ−
=

1 + κcosθ+cosθ−
4

.

This is because spin quantization basis is taken ζ̂ for top, while − ζ̂ for anti-top.
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