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ξ= 1− β2
√

tan θ∗ ,

where ξ is defined as the clockwise angle of the off-diagonal basis w.r.t. the anti-top flight
direction in the top rest frame.

Here we suppose

ψ: The angle of the off-diagonal basis w.r.t. the z-axis in tt̄ c.m. frame (ZMF).

θ∗: The prodcution angle of the top quark w.r.t. the z-axis in ZMF.

Since ξ+ ψ= θ∗,

tan (θ∗− ψ)= 1− β2
√

tan θ∗=
1

γ
tan θ∗.

Apply the relation tan (θ∗− ψ)=
tan θ∗− tan ψ

1 + tan θ∗tan ψ
tan θ∗− tan ψ

1+ tan θ∗tan ψ
=

1

γ
tan θ∗

Therefore

tan ψ=
(γ − 1)tan θ∗

γ+ tan2 θ∗

=
(γ − 1)sin θ∗cos θ∗

γ cos2θ∗+ sin2 θ∗
=

(γ − 1)sin θ∗cos θ∗

γ −(γ − 1)sin2 θ∗
=

(γ2− 1)sin θ∗cos θ∗

γ (γ+1)− (γ2− 1)sin2 θ∗

Apply the relation β2γ2 = γ2− 1, then finally we obtain

tan ψ=
β2γ2sin θ∗cos θ∗

γ (γ+1)− β2γ2sin2 θ∗
=

β2sin θ∗cos θ∗

1 + 1/γ − β2sin2 θ∗
.

Derivation of off-diagonal basis in qq̄ → tt̄ process

Consider qq̄ → g∗ vertex,

ūqγ
µvq̄ ,

where uq(p)=Nq

(

χq
σ · p

E+m
χq

)

vq̄(p)=Nq̄

(

σ · p

E+m
χq̄

χq̄

)

.

In qq̄ (tt̄ ) rest frame (ZMF),

p≡ pq=−pq̄ E≡Eq=Eq̄ m≡mq=mq̄ ,

then

ūqγ
µvq̄ =NqNq̄

(

0;−χq
† σ · p

E+m
σi

σ · p

E +m
χq̄ + χq

†
σiχq̄

)

,

Suppose the case that p = (0, 0, p), and m= 0,

ūqγ
µvq̄ =NqNq̄

(

0;−χq
†σ3σiσ3χq̄ + χq

†σiχq̄
)

=NqNq̄

(

0; 2χq
†σ1χq̄ , 2χq

†σ2 χq̄ , 0
)

This indicates we have no longitudinal component for intermediate gluon polarization vector.
This is corresponding to helicity conservation of initial partons.

Next consider g∗→ tt̄ vertex. In ZMF,
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ūtγ
µvt̄ =NtNt̄

(

0; χt
†{σi− (σ ·α)σi (σ ·α)}χt̄

)

, where α≡
pt

Et+mt

Suppose the production angle θ of top quark w.r.t. z-axis,

α = k





sin θ
0

cos θ



, where k≡
pt

Et+mt

=
βγ

γ+ 1

Therefore,

σ ·α = k sinθ ·σ1 + k cosθ ·σ2 ,

then

σi− (σ ·α)σi (σ ·α)=





(1+ k2cos2θ)σ1− k2sin2θ ·σ3

(1 + k2)σ2

(1− k2cos2θ)σ3− k2sin2θ ·σ1





Consequently,

ūtγ
µvt̄ =NtNt̄



0; χt
†





(1+ k2cos2θ)σ1− k2sin2θ ·σ3

(1 + k2)σ2

(1− k2cos2θ)σ3− k2sin2θ ·σ1



χt̄





Suppose an quantizing axis for top and anti-top spin, which have an angle ψ w.r.t. z-axis. Then
eigenstates of two-component spinors for the quantization axis are written as follows:

χt↑(ψ) = χt̄↓=





cos
ψ

2

sin
ψ

2



 χt↓= χt̄↑=





−sin
ψ

2

cos
ψ

2



 .

Since z component of ūqγ
µvq̄ is zero, we have only to take x and y components of ūtγ

µvt̄ into
account for the following 4 eigenstates of tt̄ :

(↑↑) x : χt↑
† [(1+ k2cos2θ)σ1− k2sin2θ ·σ3]χt̄↑= (1 + k2cos2θ)cosψ+ k2sin2θ sinψ

y : χt↑
† [(1+ k2)σ2]χt̄↑=−i(1 + k2)

(↑↓) x : χt↑
† [(1+ k2cos2θ)σ1− k2sin2θ ·σ3]χt̄↓= (1 + k2cos2θ)sinψ− k2sin2θ cosψ

y : χt↑
† [(1+ k2)σ2]χt̄↓=0

(↓↑) x : χt↓
† [(1+ k2cos2θ)σ1− k2sin2θ ·σ3]χt̄↑=−(1 + k2cos2θ)sinψ+ k2sin2θ cosψ

y : χt↓
† [(1+ k2)σ2]χt̄↑=0

(↓↓) x : χt↓
† [(1+ k2cos2θ)σ1− k2sin2θ ·σ3]χt̄↓= (1 + k2cos2θ)cosψ+ k2sin2θ sinψ

y : χt↓
† [(1+ k2)σ2]χt̄↓= i(1+ k2)

Therefore, if we choose

(1+ k2cos2θ)sinψ− k2sin2θ cosψ= 0 ,

we obtain null component for (↑↓) and (↓↑). This condition could be rewritten as

tanψ=
k2sin2θ

1+ k2cos2θ
=

2(γ − 1)sinθcosθ

γ+1 + (γ − 1)(1− 2sin2θ)
=

(γ − 1)tanθ

γ+ tan2θ
,

then we obtain

1

γ
tanθ=

tanθ− tanψ

1+ tanθtanψ
= tan (θ− ψ) ,

Here we define ξ as the clockwise angle of the off-diagonal basis w.r.t. the anti-top flight
direction in the tt̄ rest frame, i.e. ξ+ ψ= θ, then
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tanξ=
1

γ
tanθ= 1− β2

√

tanθ

Appendix

For u↑(ψ) = v↓ =





cos
ψ

2

sin
ψ

2



 , u↓= v↑=





−sin
ψ

2

cos
ψ

2



















u↑
†
σ1v↑ u↑

†
σ2v↑ u↑

†
σ3v↑

u↑
†
σ1v↓ u↑

†
σ2v↓ u↑

†
σ3v↓

u↓
†
σ1v↑ u↓

†
σ2v↑ u↓

†
σ3v↑

u↓
†
σ1v↓ u↓

†
σ2v↓ u↓

†
σ3v↓















=









cosψ −i −sinψ
sinψ 0 cosψ
−sinψ 0 −cosψ
cosψ i −sinψ








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