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Method of Lagrange Multipliers

Theorem

D⊂ℜn f :D→ℜq (Cr-class) r≥ 1

h:D→ℜ (Cr-class)

Consider that a∈D gives an extremum of h(x) on the conditionf(x)= 0 (x∈D).

If rank of (df)a is q, then

λ∃ :ℜq→ℜ : linear (dh)a =λ ◦ (df)a

We let f =(f1,� , fq)

λ∃ 1,� , λq ∂ih(a) =
∑

j=1

q

λj∂ifj(a)

λ1,� , λq : Undetermined multipliers

Residue

f(z)→
∑

n=−∞

∞

an(z − a)n : Laurent expansion a−1 : Residue at a

D⊂C : γ= ∂D Single closing curve

f(z) : Regular on D̄ except a1,� , an

1

2πi

∫

γ

f(z)dz=
∑

i=1

n

Res(f , ai) Integrated forward direction of D

i. Pole of 1st order at a∈D Res(f , a)= lim
z→a

(z − a)f(z)

ii. Pole of n-th order at a∈D g(z)≡ (z − a)nf(z) Res(f , a)=
g(n−1)(a)

(n− 1)!

Lemma

∣

∣

∣

∣

∫

CR

eiz

z
dz

∣

∣

∣

∣

≤
∫

0

π e−Rsin θ

R
Rdθ=2

∫

0

π/2

e−Rsin θdθ

<2

∫

0

π/2

e−(2R/π)θdθ=
π

R
(1− e−R) →

R→∞
0

CR

θ
−R R

Curvature

x = x(t) t: Parameter

We rewrite x with s(t) =

∫
∣

∣

∣

∣

dx

dt

∣

∣

∣

∣

dt.
ds

dt
=

∣

∣

∣

∣

dx

dt

∣

∣

∣

∣

x = x(s)

t(s) =
dx

ds
: Unit tangential vector

dt

ds
=
dt

dθ
· dθ
ds

= κn

n : principal normal vector
κ : curvature

ρ≡κ−1 : radius of curvature

Variational Method

I =

∫

D

g(xi, ϕ, ∂iϕ)dxn ϕ= ϕ(xi) D⊂ℜn

ϕ→ ϕ+ δϕ δφ=0 on ∂D
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δI = 0 �

∂g

∂ϕ
− ∂i

∂g

∂∂iϕ
=0

Undetermined Multipliers
∫

D

h(xi, ϕ, ∂iϕ)= l : Constraint

f ≡ g+λh
∂f

∂ϕ
− ∂i

∂f

∂∂iϕ
= 0

Solution : ϕλ = ϕ(xi, λ)
∫

D

h(xi, ϕλ, ∂iϕλ)= l � λ∃

Vector Operation

A · (B ×C) =B · (C ×A) =C · (A×B)

A× (B ×C)= B(A ·C)−C(A ·B)

A =e(A · e) +e× (A× e) e : unit vector

∇(ϕψ) = ϕ∇ψ+ ψ∇ϕ

∇ · (ϕA)= A ·∇ϕ+ ϕ∇ ·A
∇× (ϕA) =∇ϕ×A + ϕ∇×A

∇(A ·B)= (A ·∇)B + (B ·∇)A +A× (∇×B) +B × (∇×A)

∇ · (A×B)= B · (∇×A)−A · (∇×B)

∇
2(ϕψ)= ϕ∇

2ψ+ ψ∇
2ϕ+ 2(∇ϕ ·∇ψ)

∇× (A×B)= A(∇ ·B)−B(∇ ·A)+ (B ·∇)A− (A ·∇)B

∇× (∇×A)= ∇(∇ ·A)−∇
2A

∇× (∇ϕ) =0
∇ · (∇×A) =0

A× (∇×A)=−(A ·∇)A +
1

2
∇(A2)

∇f(ϕ)=
df

dϕ
∇ϕ

∇
2f(ϕ)=

df

dϕ
∇

2ϕ+
d2f

dϕ2
(∇ϕ)2

εijkεljk = 2δil
εijk εlmk = δil δjm− δimδjl

εijk =











1 even
(i,j,k)=(1,2,3)

−1 odd
0 otherwise

Position Vector r = xx̂ + yŷ + zẑ

∇× r = 0 ∇ · r =3 ∇|r |= r̂

A : Constant vector

∇(A · r)= A ∇× (A× r)= 2A ∇ · (A× r)= 0

Theorems of Vector Integral

Gauss’ theorem

∫

V

∇ ·Adv=

∫

∂V

A · ds

Green’s theorem

∫

V

(ϕ∇
2ψ− ψ∇

2ϕ)dv=

∫

∂V

(

ϕ
∂ψ

∂n
− ψ

∂ϕ

∂n

)

ds

When ϕ=
1

r
, ∇

2ψ=−ρ, this is a solution of Poisson eq.

Stokes’s theorem

∫

S

(∇×A) · ds =

∮

C

A · dt

Jacobian
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∂(f1,� , fn)

∂(x1,� , xn)
=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂f1
∂x1

∂f1
∂x2

� �

∂f1
∂xn

� � �

∂fn

∂x1
� � �

∂fn

∂xn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

Curvilinear Coordinates

Cylindrical Coordinates

∇φ=
∂φ

∂r
r̂ +

1

r

∂φ

∂θ
θ̂ +

∂φ

∂z
ẑ

∇ ·A =
1

r

∂

∂r
(rAr)+

1

r

∂Aθ

∂θ
+
∂Az

∂z

(

x̂

ŷ

)

=

(

cos θ −sin θ
sin θ cos θ

)

(

r̂

θ̂

)

∇×A =

(

1

r

∂Az

∂θ
− ∂Aθ

∂z

)

r̂ +

(

∂Ar

∂z
− ∂Az

∂r

)

θ̂ +

(

1

r

∂

∂r
(rAθ)− 1

r

∂Ar

∂θ

)

ẑ

∇
2φ=

1

r

∂

∂r

(

r
∂φ

∂r

)

+
1

r2
∂2φ

∂θ2
+
∂2φ

∂z2

Spherical Coordinates




x̂

ŷ

ẑ



=





sin θcos ϕ cos θcos ϕ −sin ϕ
sin θsin ϕ cos θsin ϕ cos ϕ

cos θ −sin θ 0











r̂

θ̂

ϕ̂







∇φ=
∂φ

∂r
r̂ +

1

r

∂φ

∂θ
θ̂ +

1

r sin θ

∂φ

∂ϕ
ϕ̂

∇ ·A =
1

r2
∂

∂r
(r2Ar)+

1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aϕ

∂ϕ

∇×A =
1

r sin θ

{

∂

∂θ
(sin θAϕ)− ∂Aθ

∂ϕ

}

r̂ +
1

r

{

1

sin θ

∂Ar

∂ϕ
− ∂

∂r
(rAϕ)

}

θ̂

+
1

r

{

∂

∂r
(rAθ)− ∂Ar

∂θ

}

ϕ̂

∇
2φ=

1

r2
∂

∂r

(

r2
∂φ

∂r

)

+
1

r2sin θ

∂

∂θ

(

sin θ
∂φ

∂θ

)

+
1

r2sin2θ

∂2φ

∂ϕ2

Ellipsoidal Coordinates

F (λ) =
x2

a2 +λ
+

y2

b2 +λ
+

z2

c2 +λ
− 1 =0 [a> b> c]

: family of confocal quadric surfaces
Among the family, there are 3 surfaces including a given point (x, y, z)
and let their λ’s be ξ, η, ζ [−a2< ζ <−b2< η <−c2< ξ].
λ= ξ, η, and ζ give an ellipsoid, hyperboloid of one sheet and of two
sheets, respectively. This set of (ξ, η, ζ) gives a point in the ellipsoidal
coordinates, which corresponds to (x, y, z).

2 2 2
F

ζ η ξ
−1

O
−

(
−−

λ
a cb

)

x=± (ξ+ a2)(η+ a2)(ζ + a2)

(b2− a2)(c2− a2)

√

y=± (ξ+ b2)(η+ b2)(ζ + b2)

(c2− b2)(a2− b2)

√

z=± (ξ+ c2)(η+ c2)(ζ + c2)

(a2− c2)(b2− c2)

√

∇
2φ=

4

(ξ − η)(ξ − ζ)(η− ζ)

[

(η− ζ)Rξ
∂

∂ξ

(

Rξ
∂φ

∂ξ

)

+(ζ − ξ)Rη
∂

∂η

(

Rη
∂φ

∂η

)

+(ξ − η)Rζ
∂

∂ζ

(

Rζ
∂φ

∂ζ

)]
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Rs≡ (s+ a2)(s+ b2)(s+ c2)
√

s= ξ, η, ζ

Curvilinear Coordinates

uk = fk(x1,� , xn) gik≡
∑

r=1

n
∂xr

∂ui

∂xr

∂uk

Orthogonal Curvilinear Coordinates

Orthogonal curvilinear coordinates � gik≡
∑

r=1

n
∂xr

∂ui

∂xr

∂uk
= 0 (i=k)

Measure coefficient

hk≡
∑

r=1

n (

∂uk

∂xr

)

2
√

gk≡
∑

r=1

n (

∂xr

∂uk

)

2
√

hkgk = 1

grad φ=
∑

k=1

n

hk
∂φ

∂uk
ek △φ= h1�hn

[

∑

k=1

n
∂

∂uk

(

hk
2

h1�hn

∂φ

∂uk

)

]

X =
∑

Xk ek : Vector field

divX = h1�hn

[

∑

k=1

n
∂

∂uk

(

hkXk

h1�hn

)

]

Orthogonal Curvilinear Coordinates in 2 Dimension

u= u(x, y) v= v(x, y)

Orthogonal condition
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
= 0

Conjugate coordinates u+ i v= f(x+ i y)

Cauchy-Riemann
∂u

∂x
=
∂v

∂y

∂u

∂y
=−∂v

∂x

h1 = h2 =

(

∂u

∂x

)

2

+

(

∂u

∂y

)

2
√

=

(

∂v

∂x

)

2

+

(

∂v

∂y

)

2
√

Examples

f(z) Transformation h1 = h2 Coordinates

log z
x= eucos v
y= eusin v

1

x2 + y2
√ Polar coordinates

z2 u= x2− y2

v= 2x y
2 x2 + y2
√ Rectangular hyperbolic

coordinates

2z
√ x=

1

2
(u2− v2)

y= u v

1

u2 + v2
√ Parabolic coordinates

2i coth−1 z

a

x=
a sinh v

cosh v− cos u

y=
a sin u

cosh v− cos u

cosh v− cosu

a
Hyperbolic coordinates

cosh−1 z

c
x= c coshu cos v
y= c sinhu sin v

1

sinh2u+ sin2v
√ Elliptic coordinates

General Rotational Body Coordinates

Curvilinear coordinates given by rotating orthogonal coordinates z = f(u, v), r= g(u, v) in (z, r)
plane around z-axis. (r2 = x2 + y2)

x= g(u, v)cos φ y= g(u, v)sin φ z= f(u, v)
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hu =
1

(

∂f

∂u

)

2
+
(

∂g

∂u

)

2
√ hv =

1
(

∂f

∂v

)

2
+
(

∂g

∂v

)

2
√ hϕ =

1

r

Trigonometric Functions

sin (α+ β)= sinα cos β+ cosα sin β cos (α+ β)= cosα cos β − sinα sin β

tan (α+ β)=
tanα+tan β

1− tanα tan β
cot (α+ β) =

cotα cot β − 1

cotα+ cot β

a sinα+ b cosα= a2 + b2
√

sin(α+ γ) where tanγ= b/a

sin 2α=2 sinα cosα cos 2α= cos2α− sin2α= 2 cos2α− 1= 1− 2 sin2α

sin2 α

2
=

1− cosα

2
cos2

α

2
=

1+ cosα

2
tan2 α

2
=

1− cosα

1+ cosα

sinα cosβ=
1

2
{sin (α+ β)+ sin (α− β)}

sinα sinβ=−1

2
{cos (α+ β)− cos (α− β)} cosα cosβ=

1

2
{cos (α+ β)+ cos (α− β)}

sinα=
eiα − e−iα

2i
cosα=

eiα + e−iα

2

sin x=
∑

k=0

∞
(−1)kx2k+1

(2k+ 1)!
= x− x3

3!
+
x5

5!
− x7

7!
+�

cos x=
∑

k=0

∞
(−1)k x2k

(2k)!
= 1− x2

2!
+
x4

4!
−�

Hyperbolic Function

sinhx=
ex − e−x

2
coshx=

ex + e−x

2
tanhx=

ex − e−x

ex + e−x

coshx=
1

1− tanh2x
√

sinh (x± y)= sinhx cosh y± cosh x sinh y

cosh (x± y) = coshx cosh y± sinhx sinh y

sinh−1x= log (x+ x2 + 1
√

) cosh−1x=±log (x+ x2− 1
√

)

sinh2 x

2
=

coshx− 1

2
cosh2 x

2
=

coshx+1

2

tanh
x

2
=

tanhx

1 + 1− tanh2x
√

Elliptic Integral

When f(x) is a polymonial of 3rd or 4th order, the following integrals result in normal forms
∫

dx

f(x)
√

∫

x2

f(x)
√ dx

∫

dx

(1+ a x2) f(x)
√

Normal forms

Type I F (ϕ, k)=

∫

0

ϕ dθ

1− k2sin2θ
√ =

∫

0

sin ϕ dz

(1− z2)(1− k2z2)
√

Type II E(ϕ, k)=

∫

0

ϕ

1− k2sin2θ
√

dθ=

∫

0

sin ϕ 1− k2z2

1− z2

√

dz
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Type III

Π(ϕ; c, k) =

∫

0

ϕ dθ

(1 + c sin2θ) 1− k2sin2θ
√

=

∫

0

sin ϕ dz

(1+ c z2) (1− z2)(1− k2z2)
√

Complete Elliptic Integral

K(k)=F
(

π

2
, k
)

=
π

2

{

∑

n=0

∞ [

(2n− 1)!!

(2n)!!

]

2

k2n

}

E(k)=E
(

π

2
, k
)

=
π

2

{

1−
∑

n=1

∞ [

(2n− 1)!!

(2n)!!

]

2 k2n

2n− 1

}

Legendre Polynomial

(1− x2)
d2y

dx2
− 2x

dy

dx
+n(n+ 1)y= 0 Legendre differential equation

Pn(x) =
(2n− 1)!!

n!

[

xn − n(n− 1)

2(2n− 1)
xn−2 +

n(n− 1)(n− 2)(n− 3)

2 · 4 · (2n− 1)(2n− 3)
xn−4−�

]

=
1

2nn!

dn

dxn
(x2− 1)n

P0(x)= 1 P1(x)= x= cos θ

P2(x)=
1

2
(3x2− 1)=

1

4
(3 cos 2θ− 1)

P3(x)=
1

2
(5x3− 3x) =

1

8
(5 cos 3θ+ 3 cos θ)

Legendre functions of the second kind

Qn(x) =
n!

(2n+ 1)!!

[

1

xn+1 +
(n+ 1)(n+ 2)

2(2n+ 3)

1

xn+3 +
(n+1)(n+ 2)(n+ 3)(n+ 4)

2 · 4 · (2n+ 3)(2n+ 5)

1

xn+5 +�

]

=
1

2nn!

dn

dxn

[

(x2− 1)nlog
1 +x

1−x

]

− 1

2
Pn(x) log

1+ x

1− x
(|x|> 1)

1

1− 2hx+ h2
√ =























∑

n=0

∞

hnPn(x)
(

|h|<min
∣

∣x± x2− 1
√ ∣

∣

)

∑

n=0

∞
1

hn+1Pn(x)
(

|h|>max
∣

∣x± x2− 1
√ ∣

∣

)

∫

−1

1

xmPn(x)dx=







0 (m<n)
2 ·n!

(2n+1)!!
(m=n)

∫

−1

1

Pn(x)Pm(x)dx=







2

2n+ 1
(m=n)

0 (m=n)

Associated Legendre Function

(1− x2)
d2y

dx2
− 2x

dy

dx
+

{

n(n+ 1)− m2

1− x2

}

y=0

Pn
m(x)= (1−x2)m/2d

mPn(x)

dxm
Qn

m(x)= (1− x2)m/2d
mQn(x)

dxm

∫

−1

1

Pn
m(x)Pl

m(x) dx=







0 (n=l)
2

2n+ 1

(n+m)!

(n−m)!
(n= l)

∫

−1

1 Pn
m(x)Pn

l(x)

1−x2
dx=







0 (m=l)
1

m

(n+m)!

(n−m)!
(m= l)
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P1
1(x)= (1−x2)1/2 = sin θ

P2
1(x)= 3(1− x2)1/2x=

3

2
sin 2θ P2

2(x)= 3(1−x2)=
3

2
(1− cos 2θ)

P3
1(x)=

3

2
(1− x2)1/2(5x2− 1)=

1

8
(sin θ+ 5sin 3θ)

P3
2(x)= 15(1− x2)x=

15

4
(cos θ− cos 3θ)

P3
3(x)= 15(1− x2)3/2 =

15

4
(3sin θ− sin 3θ)

Bessel Function

d2y

dx2
+

1

x

dy

dx
+

(

1− ν2

x2

)

y= 0

Jν(x)=
∑

n=0

∞
(−1)n

n!Γ(ν+n+1)

(

x

2

)

2n+ν
Nν(x)=

cos νπJν(x)− J−ν(x)

sin νπ

Γ(ξ)≡
∫

0

∞

e−ttξ−1dt

J−n(x)= (−1)nJn(x)

Spherical Bessel Function

d2y

dx2
+

2

x

dy

dx
+

[

1− l(l+1)

x2

]

y= 0

jl(x)=
π

2x

√

Jl+1/2(x) = (−x)l

(

1

x

d

dx

)

l
(

sin x

x

)

nl(x)=
π

2x

√

Nl+1/2(x)=−(−x)l

(

1

x

d

dx

)

l( cos x

x

)

Asymptotic Formulas x≫ 1

Jν F
2

πx

√

cos

{

x− π

2

(

ν+
1

2

)}

jl(x)F
1

x
sin

(

x− lπ

2

)

Nν F
2

πx

√

sin

{

x− π

2

(

ν+
1

2

)}

nl(x)F −1

x
cos

(

x− lπ

2

)

Expansion Formulas

eikrcos θ =
∑

l=0

∞

(2l+ 1)iljl(k r)Pl(cos θ)

eikR

R
= i k

∑

l=0

∞

(2l+ 1)jl(k r
′)hl

(1)
(k r)Pl(cos φ)

hl
(1)

(x)≡ jl(x)+ i nl(x)

φ
θ

θ′ r’

R

z
r

Modified Bessel Function

d2y

dx2
+

1

x

dy

dx
−
(

1+
ν2

x2

)

y= 0

Iν(x), Kν(x) : Solutions K

I

I I I I I
IK0

1

0

1 2 3 4 5
6

1 2 3 4 50

1

2

x

Hermite Differential Equation
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d2y

dx2
− x

dy

dx
+ny= 0

Hn(x)= (−1)ne
x2

2
dn

dxn
e
−

x2

2 One of two solutions

Generating function : exp

{

x2

2
− (x− y)2

2

}

=
∑

n=0

∞
yn

n!
Hn(x)

∫

−∞

∞

Hn(x)Hm(x)e
−

x2

2 dx=

{

n! 2π
√

(m=n)
0 (m=n)

Laguerre Differential Equation

x
d2y

dx2
+(1− x)

dy

dx
+n y= 0

Ln(x) =
ex

n!

(

d

dx

)n

(e−xxn) =
∑

r=0

n

(−1)r

(

n

r

)

xr

r!

Orthogonality :

∫

0

∞

e−xLm(x)Ln(x)dx=

{

1 (m=n)
0 (m=n)

Associated Laguerre polynomial

x
d2y

dx2
+(k+1− x)

dy

dx
+n y= 0

Ln
k(x) =

x−kex

n!

(

d

dx

)n

(e−xxn+k) =
∑

r=0

n

(−1)r

(

n+ k

n− r

)

xr

r!

=
∑

r=0

n

(−1)r (n+ k)!

(n− r)!(k+ r)!

xr

r!

L0
k(x)= 1 L1

k(x) =−x+ k+ 1 L2
k(x) =

x2

2
− (k+2)x+

(k+ 2)(k+ 1)

2

L3
k(x)=−x

3

6
+

(k+ 3)x2

2
− (k+2)(k+3)x

2
+

(k+1)(k+2)(k+3)

6

Integral
∫

f(x)g ′(x)dx= f(x)g(x)−
∫

f ′(x)g(x)dx

f(x) F (x)=

∫

f(x)dx

1

x2 + a2

1

a
tan−1x

a
1

a2− x2
√ sin−1 x

a

a2− x2
√ 1

2

(

x a2−x2
√

+ a2sin−1x

a

)

x2± a2
√ 1

2

(

x x2± a2
√

± a2 log
∣

∣x+ x2± a2
√ ∣

∣

)

1

x2 + a2
√ log

∣

∣x+ x2 + a2
√ ∣

∣= sinh−1 x

a

1

x2− a2
√ log

∣

∣x+ x2− a2
√ ∣

∣= cosh−1 x

a

Rational Function

f(x) =
Q(x)

P (x)
� f(x) =R(x)+

∑

i=1

r
∑

k=1

mi
Aik

(x− ai)k
+
∑

j=1

s
∑

l=1

ni
Bjlx+Cjl

(x2 + βjx+ γj)l
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: Partial fraction expansion

∫

dx

(x−α)n
=







log |x−α| (n= 1)

− 1

n− 1

1

(x−α)n−1 (n> 1)

∫

Bx+C

(x2 + βx+ γ)m
dx=

B

2

∫

2x+ β

(x2 + βx+ γ)m
dx+C ′

∫

dx

(x2 + βx+ γ)m

where C ′=C −B
β

2

∫

2x+ β

(x2 + βx+ γ)m
dx=







log (x2 + βx+ γ) (m= 1)

− 1

m− 1

1

(x2 + βx+ γ)m−1
(m> 1)

∫

dx

(x2 + βx+ γ)m
=

∫

dt

(t2 + β ′2)m
t= x+

β

2
β ′2 = γ − β2

4

We define In≡
∫

dx

(x2 + a2)n

In =
1

2a2(n− 1)

x

(x2 + a2)n−1 +
2n− 3

a2(2n− 2)
In−1

Rational Function of Trigonometric Functions

We let P (X,Y ) be a rational function of X,Y , and consider
∫

P (cosx, sinx)dx

We define t= tan
x

2

cos x=
1− t2

1 + t2
sinx=

2t

1 + t2
dt

dx
=

1 + t2

2
∫

P (cosx, sinx)dx=

∫

P

(

1− t2

1+ t2
,

2t

1 + t2

)

2

1 + t2
dt

which results in an integral of a rational function of t.

Sup.) In =

∫

sinnxdx Sn =

∫

0

π

2

sinnx dx

In =
1

n
(−cos x sinn−1x+ (n− 1)In−2) I0 =x I1 =−cos x

Sn =















n− 1

n
· n− 3

n− 2
�

1

2
· π
2

(n≥ 2: even)

n− 1

n
· n− 3

n− 2
�

2

3
(n≥ 3: odd)

S0 =
π

2
S1 = 1

Rational Function of Quadratic Irrational Functions
∫

P
(

x, a x2 + b x+ c
√

)

dx

i. Case of a> 0

a x2 + b x+ c
√

= t− a
√

x x=
t2− c

2 a
√

t+ b

The integrand goes to a rational function of t.

ii. Case of a< 0

9



a x2 + b x+ c= a(x−α)(x− β) α, β ∈ℜ

t=
a(x−α)

x− β

√

The integrand goes to a rational function of t.

Change of Variables
∫

�

∫

Ω

f(x1�xn)dx1� dxn =

∫

�

∫

∆

f(ϕ1(ξ1� ξn),� , ϕn(ξ1� ξn))

∣

∣

∣

∣

∂(ϕ1� ϕn)

∂(ξ1� ξn)

∣

∣

∣

∣

dξ1� dξn

Other Integrals
∫

0

∞

e−ax2

x2ndx=
(2n− 1)!!

2n+1

π

a2n+1

√

∫

0

∞

e−ax2

dx=
π

√

2 a
√

∫

0

∞

e−ax2

x2n+1dx=
n!

2 an+1

First-Order Differential Equation

Variables-separable y ′= g(y)f(x)

Equation Change of Variables New Equation

y ′= f(a x+ b y+ c) u= a x+ b y+ c
du

dx
= a+ b f(u)

dy

dx
= f
(

y

x

)

(Homogeneous)
u=

y

x
du

dx
=
f(u)− u

x

y ′= f

(

a x+ b y+ c

a′x+ b′y+ c′

)

(a b′− a′b=0)

{

aα+ bβ+ c= 0
a′α+ b′β+ c′= 0

x= u+α, y= v+ β

dv

du
= f

(

a+ b
v

u

a′+ b′
v

u

)

(a b′− a′b= 0) α∃ : a=αa′, b=αb′ y ′= f

(

α+
c−αc′

a′x+ b′y+ c′

)

First-Order Linear Differential Equation

y ′ + a(x)y= b(x)

p(x) =−
∫

x0

x

a(x)dx u(x)=

∫

x0

x

b(x)e−p(x)dx

� y(x) =u(x)ep(x) +Cep(x)

Sup.) An equation including derived functions of unknown y but not independent of variable x.

F (y, y ′,� , y(n)) =0

If we let y ′= p

y ′′=
dp

dy
p , y ′′′=

d2p

dy2
p2 +

(

dp

dy

)

2

p , 


which result in differential equations of unknown function p and independent variable y.

Linear Ordinary Differential Equation with Constant Coefficients

Homogeneous Equation

y(n) + an−1y
(n−1) +� + a2y

′′ + a1y
′+ a0y= f(x)

(Dn + an−1D
n−1 +� + a2D

2 + a1D+ a0)y= f(x) where D≡ d

dx

P(D)y= f(x)

10



Homogeneous equation

P(D)y= 0

α1�αn∈C : Solution of P(t)= 0

(D−α1)(D−α2)� (D−αn)y= 0

Fundamental solutions

(D−αi)y= 0 � y=Ci e
αix

(D−αj)my=0 � y= (C0
j +C1

jx+� +Cm−1
j xm−1)eαjx

(Let y= eαxu )

Method of Variation of Parameters

y(n) + an−1(x)y
(n−1) +� + a2(x)y

′′+ a1(x)y
′+ a0(x)y= f(x)

If fundamental solutions of its homogeneous equation y1 y2� yn are known,

Wronskian W (y1,� , yn)≡

∣

∣

∣

∣

∣

∣

∣

∣

∣

y1 y2 � yn

y1
′ y2

′
� yn

′

� � � �

y1
(n−1)

y2
(n−1)

� yn
(n−1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

Green function G(x, s)≡ 1

W (y1(s),� , yn(s))

∣

∣

∣

∣

∣

∣

∣

∣

∣

y1(s) � yn(s)
� � �

y1
(n−2)(s) � yn

(n−2)(s)
y1(x) � yn(x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

The solution of the non-homogeneous equation is

y(x) =
∑

j=0

n−1

cjyj(x)+

∫

x0

x

G(x, s)f(s)ds

Lagrange’s Differential Equation

p(x, y, u)
∂u

∂x
+ q(x, y, u)

∂u

∂y
= r(x, y, u)

Auxiliary equation
dx

p(x, y, u)
=

dy

q(x, y, u)
=

du

r(x, y, u)

We let two independent solutions of this equation be

g(x, y, u)= a h(x, y, u, ) = b

General solutions of Lagrange’s equation are any functions of g and h.

f(g, h) =0

Laplace Equation in 2 Dimension

∂2φ

∂x2
+
∂2φ

∂y2
=0

ξ=x+ i y η= x− i y φ(x, y)= φ̃(ξ, η)

∇
2φ= 4

∂2

∂ξ∂η
φ̃ = 0

General solutions φ̃(ξ, η) = f1(ξ) + f2(η)

Rotating symmetry (Function of ξη=x2 + y2) g(ξη)= a lnξη+ b

11



Fourier Transform

f̂ (k)=
1

2π
√

∫

−∞

∞

f(x)e−ikxdx f(x)=
1

2π
√

∫

−∞

∞

f̂ (k)eikxdk

General Formulas in Fourier Transform
∫

−∞

∞

f̂ (k)ĝ∗(k)dk=

∫

−∞

∞

f(x)g∗(x)dx (Parseval’s identity)

f(x) � f̂ (k)

f∗(x) f̂
∗
(−k)

f
(

x

a
+ b
)

|a|eiabkf̂ (a k)

f(a x)e−ibx 1

|a| f̂
(

k+ b

a

)

xnf(x) (i)nd
nf̂ (k)

dkn

f (n)(x) (i k)nf̂ (k)

(f∗g)(x) f̂ (k)ĝ (k)

(f∗g)(x)=
1

2π
√

∫

−∞

∞

f(x− t)g(t)dt=
1

2π
√

∫

−∞

∞

f(t)g(x− t)dt

Examples of Fourier Transform

f(x) � f̂ (k)

1

x2 + a2
(a> 0)

π

2

√

e−a|k|

a

1

x2 + a2
√ 2

π

√

K0(a|k |) (Modified Bessel)

e−ax2 1

2a
√ e

−
k2

4a

tan−1 x

a
−i π

2

√

e−a|k|

k

δ(x)
1

2π
√

1

x
−i π

2

√

sgn(k)

θ(x) Heviside step function
π

2

√

δ(k)− i

2π
√

k
=

1

i 2π
√ 1

k− iǫ

e−axθ(x)
1

2π
√

(a+ ik)

⊓(x)≡ θ

(

x+
1

2

)

− θ

(

x− 1

2

)

2

π

√

sin
(

k

2

)

k

Delta Functions
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δ(x)≡ 1

2π

∫

−∞

∞

eikxdk

δ(a x)=
δ(x)

|a| xδ(x)= 0 xδ ′(x) =−δ(x)

δ(f(x)) =
∑

i

δ(x−xi)

|f ′(xi)|
f(xi)= 0

lim
ǫ→+0

1

x± iǫ
=V.P.

1

x
∓ iπδ(x)

Integral Equation

Abel’s Problem

f(x) =

∫

−∞

∞

K(x− y)u(y)dy u(x): Unknown function

u(x)=
1

2π

∫

−∞

∞ f̂ (k)

K̂ (k)
eikxdk

K(x− y) : Kernel

f(x) = g(x)+λ

∫

−∞

∞

K(x− y)f(y)dy f(x): unknown function

f(x) =
1

2π
√

∫

−∞

∞ ĝ(k)

1− 2π
√

λK̂ (k)
eikxdk

Green Functions

Consider a partial differential equation of type Lu(x)= f(x).

L=F (Dx1
,� , Dxn

)≡F (Dxi
)

F (Dxi
)G(r , r ′)= δ(r − r ′) r = (x1,� , xn)

Then

G(r , r ′)=
1

(2π)n

∫

eik(r−r
′)

F (i ki)
dk

Diffusion Equation in 1 Dimension

Lxy =Dx
2 −Dy

G(r − r ′) =











− 1

4π |y− y ′|
√ exp

{

−(x− x′)2

4|y− y ′|

}

(y > y ′)

0 (y < y ′)

Initial-value problem

(Dx
2 −Dt)u(x, t) =0 with u(x, 0) = f(x)

(Dx
2 −Dt)u(x, t) =−δ(t)f(x)

Wave Equation in 1 Dimension

Lx,y =Dx
2 −Dy

2

G(r − r ′) =







1

2
θ(y− |x|) (y > 0)

0 (y < 0)

Laplace’s Equation in 2 Dimension
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Lx,y =Dx
2 +Dy

2

G(r − r ′) =
1

2π
ln

(

1

R

)

R≡ |r − r ′|

Sup.) Poisson integral formula (Dirichlet problem) Cauchy integral formula

u(r, θ)=
1

2π

∫

0

2π (R0
2− r2)u(R0, φ)

R0
2− 2R0r cos (θ− φ) + r2

dφ f(z)=
1

2pi

∫

c

f(ζ)

η− z
dζ

Laplace’s Equation in 3 Dimension

Lx,y,z =Dx
2 +Dy

2 +Dz
2

G(r − r ′) =− 1

4π

1

|r − r ′|
Diffusion Equation in 3 Dimension

Lx,y,z,t =Dx
2 +Dy

2 +Dz
2−Dt

G(r − r ′, t− t′) =
1

[4π(t− t′)]3/2
exp

[

−(r − r ′)2

4|t− t′|

]

Wave Equation in 3 Dimension

Lx,y,z,t =Dx
2 +Dy

2 +Dz
2−Dt

2,

G(r − r ′, t− t′) =







1

4π |r − r ′| δ(t− t′− |r − r ′|) (t− t′> 0)

0 (t− t′< 0)

Sup.) Consider Lr,t =F (∆, Dt). We let Green function of Lx,t =F (Dx
2 , Dt) be g1(x, y).

Then Green function of Lr,t is

G(r , t)=− 1

2πr
Drg1(r, t) r= |r |

where g1 is even function about r, therefore Drg1 is odd.

Laplace Transform

f̃ (s)≡
∫

0

∞

f(x)e−sxdx f(x)=
1

2πi

∫

c−i∞

c+i∞

estf̃ (s)ds

c>σ : Region of convergence

f(x) � f̃ (s)

f(αx)
1

α
f̃
(

s

α

)

(α> 0)

{

f(x− a) (x≥ a)
0 (x<a)

e−saf̃ (s)

f(x)ebx f̃ (s− b) (s>σ+ b)

xnf(x)

(

− d

ds

)n

f̃ (s)

1

xn
f(x)

∫

s

∞

�

∫

s

∞

f̃ (s)(ds)n (nth order integral)

f ′(x) −f(0)+ s f̃ (s)
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f (n)(x) snf̃ (s)−
∑

r=0

n−1

sn−r−1f (r)(0)

∫

0

x

�

∫

0

x

f(x)(dx)n 1

sn
f̃ (s)

xmf (n)(x) (m≥n)

(

− d

ds

)m

[snf̃ (s)]

∫

0

x

f(x− y)g(y)dy≡ (f∗g)(x) f̃ (s) g̃(s)

Examples of Laplace Transform

f(x) � f̃ (s)

δ(x) 1

θ(x) Heviside step function
1

s

xν (−1<ν <∞)
Γ(ν +1)

sν+1 n! = Γ(n+ 1)

eax 1

s− a

eaxxν−1 (ν > 0)
Γ(ν)

(s− a)ν

sin ax
a

s2 + a2

cos ax
s

s2 + a2

J0(2 λx
√

)
1

s
e−λ/s
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