Quick Reference to Mathematics in Physics Ver.0.6¢

Method of Lagrange Multipliers
Theorem
DcRr f:D—x4 (CT-class) r>1
h:D—R (C"-class)
Consider that a € D gives an extremum of h(x) on the condition f(x) =0 (z € D).
If rank of (df), is ¢, then

IR — R : linear (dh)g=Ao(df)a
We let f: (f17 Yy fq)
q
31, Ag Z j0if;(a
A1+, A Undetermined multipliers
Residue
flz)— Z an(z —a)" : Laurent expansion a—_1 : Residue at a
DcC: y=0D Single closing curve

f(z) : Regular on D except ay,---,an,

5 / f(z ; s(f,a;) Integrated forward direction of D
i. Pole of 1st order at a € D Res(f,a)=1lim (z —a) f(2)
y 9" V()
ii. Pole of n-th order at a € D g(z2)=(z—a)"f(2) Res(f,a)= RCEE
Lemma
iz 7™ _—Rsin6 /2 ]
/ P g/ = Rdo= 2/ e~ Fsindp G
cr % 0 R 0 ﬁ
/2 2 0 T 4
<2/ e~ (2R/m) d@zﬁ(lfefR)RjOOO -R R
0
Curvature
x=ux(t) t: Parameter
. . dx ds |dx
We rewrite  with s(t) 7/ T T x=ux(s)
dx . .
t(s)= Ts Unit tangential vector
dt dt do n : principal normal vector
Is do ds Kn 7,% B : Curyature
p=~k"" :radius of curvature
Variational Method
I:/ 9(xi, ¢, Oip)da™ ¢ = p(x:) DcRe
D

p—@+op 0¢=0 on 0D



61 =0 — 99 5, 99

9o a0, "

Undetermined Multipliers

/ h(xi, @, 0ip) =1 : Constraint
D

- of o5 Of _
f=g+Ah RE GZaaiw_o

Solution : = (i, A)

/ h(zi, ox, Oioa) =1 = X
D

Vector Operation
A-(BxC)=B-(CxA)=C-(AxB)
Ax(BxC)=B(A-C)-C(A-B)
A=e(A-e)+ex(Axe) e : unit vector
V(ep)=Vip+19pVe
V. (pA)=A-Vp+pV-A
Vx(pA)=Vpx A+ oV x A
V(A-B)=(A-V)B+(B-V)A+Ax(VxB)+Bx(VxA)
V- (AxB)=B-(VxA)—A-(VxB)
Vi) = oV + V20 +2(Ve- V)
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A—-(A-V)B
Vx(VxA)=V(V-A)-V2A

V x(Vg)=0 €ijkEl k= 204
V- (VxA4)=0 1 EijkElmk = 0i10jm — 0imdji
Ax(VxA)= —(A-V)A+§V(A2)
d i,7.k)=(1,2,
Vf(w)=d—£V<p p IR
V2 1(p)=2Lv2p 1 ()2 L oo
dy dp? 0 otherwise
Position Vector r=x& + yy + 22
Vxr=0 V.r=3 Vir|=7
A : Constant vector
V(A -r)=A V x(Axr)=2A V-(Axr)=0

Theorems of Vector Integral

Gauss’ theorem / V- -Adv= A-ds
1% v

: 20— V20 dp — W _ 0
Green’s theorem /v (V2 — oV QD)dU—/aV ((p@n an)ds

When ¢ :% , V21 = —p, this is a solution of Poisson eq.
Stokes’s theorem / (VxA)-ds :7{ A-dt
S C

Jacobian
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Curvilinear Coordinates

Cylindrical Coordinates

V(b:ng g(ga+a¢A <fﬁ):<0059 —sin@) 7
1 8 1 04y OA, (] sinf cos@ )
[N
104, 04 94, 0A.\; (10 104, .
G i R G

190) 1 0%¢ 0%
2 [ —— —_—
Vie=1 87’( 87")+7’2 892+822

Spherical Coordinates

sinfcos ¢ cosfcos —sin @
=| sinfsinp cosfsiny cos <p

cosf —sinf

()
\

WS
S %) =

)

09, 1005 1 0,
Vo=t 0% T 9,7
10, o 1 04,
VA= g A g a0 T 5 s
1 (o, oA\, 1f 1 0A. D A
VXA—Tsmo{%(Sm"AW w}" *?{—smo% W(TAW)}O

1f0 DA,
*F{a (rdo) =55 }“’

50 1 0o 1 9%
2 —
v (bi 8T< or ) t %o 72sin 6 90 <s1n9 00 ) + r2sin26 Op>?

Ellipsoidal Coordinates
22 Y2 52 =
F(\) = —1= |
W=t et e 0 [a>b> | ) »
: family of confocal quadric surfaces A

Among the family, there are 3 surfaces including a given point (z,y, 2) K\J \(\ii 1

and let their \’s be &, 7, ( [—a?<(<—-b2<n<—c?<¢].

A=¢&, n, and ¢ give an ellipsoid, hyperboloid of one sheet and of two
sheets, respectively. This set of (&, 7, () gives a point in the ellipsoidal
coordinates, which corresponds to (z,y, 2).

oy &+ a)(n+a®)(C+a?) _ o [EHD) () (C+b%)
N e =

. \/(£+c )(n+c*)(C+ )
(a2 =) (? =)

e o[(” OR&@£<R56?> HE-OR an<

- n)Rca%<

V2¢p=

%’I%’ gﬁ@
N———



Rs=+/(s+a?) (s +b%)(s+c?) s=¢&,1,¢

Curvilinear Coordinates

n P :
ur = fr(w1, -, Tp) gikzz 82 %

Orthogonal Curvilinear Coordinates

Orthogonal curvilinear coordinates = g;x = Z
1

n
r=

Measure coeflicient

_ - Ouy 2 _ - oz, 2 o
ey (5) n=y % (5)

r=1

= ¢ d h a¢)
do=S"n, 2 A¢=hyhy, — —
w63 gl e, b=t [z (koo

X =5 Xpej: Vector field

n

a3 ()|

k=1

Orthogonal Curvilinear Coordinates in 2 Dimension

u=u(z,y) v=uv(z,y)
Orthogonal condition % (,;—9; + % % =0
Conjugate coordinates utiv=f(z+iy)
Oou Ov ou v

Cauchy-Riemann — =

o By oy Or

e [( ) (5 - () ()

Examples
f(2) Transformation hi=ho Coordinates
log 2 i _ :u;onszj W Polar coordinates
2_ .2 :
9 u=x°—y 55 Rectangular hyperbolic
z 24/ .
v=22xYy Y coordinates
1
V2z r= §(u2 —v?) S Parabolic coordinates
Y=uv Vu? + v
g G sinh v
2 coth~! 2 coshv —cosu | coshv —cosu Hyperbolic coordinates
al asinu a
Y~ Coshv — cosu
— T
cosh—12 | #=¢ C.OSh weosv | Elliptic coordinates
¢ | y=csinhusinv | v/sinh2u + sin?v

General Rotational Body Coordinates

Curvilinear coordinates given by rotating orthogonal coordinates z = f(u,v), r = g(u,v) in (z,r)
plane around z-axis. (r?=z2+ y?)

z= g(u,v)cos ¢ y=g(u,v)sin ¢ 2= flu,0)



h, = 1 h”U: 1 hlpil
af \2 g \ 2 af\2 g \2 r
(5) +(3) (5) + (%)
Trigonometric Functions
sin (a+ 3) =sin acos B+ cos asin 3 cos (a+ ) =cos acos B — sin asin 3
_ tana+tan 8 __cotacotf—1
tBm(oﬁ_ﬁ)_1—taunoztabnﬁ cot (a+ 3) = cot o+ cot 3

asina + bcosa = va?+ b*sin(a + ) where tany=0b/a

2 2

a=2cos?a —1=1-—2sin«x

sin 2ac = 2 sin a cos « CcoS 2c¢v = cos“xx — sin

. g l—cosa s l4cosa g l—cosa

sin = =————— Cos* —=— —— tan® — = ———
2 2 2 2 2 1+cosa

sina cos3 = %{sin (a+ B)+sin(a— G)}

sinasinf = —%{cos (a4 B) —cos(a—p)} cosa cos 3 = %{COS (a+ B)+cos(a— )}
sina——eia —e cosa——em—’—e_m
2 2
0 (—1)k g2kt I R

e D et 2 2
sz*;(} S T

o0
(_1)kx2k ZC2 ZC4
= ANV IO AR,
o kz_% (2k)! or Tl
Hyperbolic Function
x _ ,—T x —z e
sinhz=5"¢ " cosh:z::i tanhx:%
1
v'1—tanh2z

sinh (x £ y) = sinh z cosh y £ cosh z sinh y

coshz =

cosh (z & y) = cosh x cosh y + sinh 2 sinh y

sinh~lz =log (z + Va2 +1) cosh™tz =+log (x + Vz? — 1)

. 1o« coshz—1 g% _coshar+1
sinh 5= "5 cosh 5= "5
tanh L — tanh x
2 1+1—tanh2z

Elliptic Integral

When f(z) is a polymonial of 3rd or 4th order, the following integrals result in normal forms

dx x2 dx
o ——dx —
Vi(x) /\/f(:zz) /(1—}—@352) f(z)
Normal forms

PN A R o S
’ o V1I—Fk%sin20  Jo o /(1—22)(1— k222)

7] sin ¢ 1— 1{3222
Type II E((p, k) = / V 1-— k2sin29d9 = / 1—22d2
0 0 -

Type I




(p;c, k) :/w b
0o (1+csin?6)v1— k?sin?0
- SIHK,D dZ
7/0 (1+¢22)/(1—22)(1 — k222)

Type III

Complete Elliptic Integral

K(k)= F(g k:) = g{:o [ (2212;)!1!)!! rk%}

o-r(5) -3 5 [ )

Legendre Polynomial

d?y dy . . .
j— 2 —_— — =
(1—2z )de Qxdac +n(n+1)y=0 Legendre differential equation
2n — 1! nn—1) ,_ o nn—-1)Mn-2)(n-3) ,_
P :( _ n—2 n—4_
n(®) nl [ 2@n 1) 24 2n-D2n-3)"
— 1 d" 2 n
2nn] dm"( 1
Py(z)=1 Py(z)=x=cosf
Py(x)= %(3:1:2 -1)= %(3 cos20 —1)
1, 1
Ps(x) = 5(5z —3x)= §(5 cos 36 + 3 cos §)

Legendre functions of the second kind

Qn(z) = n! 1 m+1)(n+2) 1 (n+1)(n+2)(n+3)(n+4) 1 ‘-
" C(2n4 DN antt 2(2n+3) ant3 2-4-(2n+3)(2n+5) antd
1 a 2 gl ta| 1 1+
2"n!W[(z 1) logl_x] 2Pn(50)10g1_$ (x| >1)
. Z h" Py () (|h| <min |z + Va2 —1|)
— n=0
V1—2hax+h?

Z#Pn(x) (|h|>max}xi¢ﬁ|)
n=0

1 0 (m<n) 1 2

m . _ (m=n)
2P, (x)dx = 2-n! (1) P (2)dx = n

/‘1 o {(2n+1)n (m=n) / P o {2 v

Associated Legendre Function

(1—552)%—296%4-{n(n—i—l)—lT—;}y:O

Py () = (1 - gty Pnle) Qi) = (1 - a2yn/2dGnl)
1 0 (n=l)

/ Py (x) P (x) d:c_{ 2 (n4+m)! (n=0)
- 2n+1 (n—m)!

/1 P(2)Pa(x) ) (n0+m)| (m#1)
o 1—a2 =), (m=1)



Pl(z)=(1—x2)"/?=sinh
Pl(z)=3(1— 2%z = %sin 20 P3(z)=3(1—2?)= %(1 —cos 26)
Pi(z)= g(l —22)Y2(52%2 1) = é(sin 0 + 5sin 30)

Pi(x)=15(1 —2®)z = 14—5(cos 6 — cos 36)

Pj(z)=15(1 — 22)%/2 = 14—5(351n9 — sin 36)

Bessel Function

2 2
M+iﬂ+<1v_)yo

dz?  zdx 2

- oo (—1) 2 \2n+v _cosvrdy,(x) — J_,(x)
T =Y e ) N(2) = sinvm

n=0
INEI) E/oo e~ 1dt
0
Jn(z)=(=1)"Jn(x)

Spherical Bessel Function

d?y 2 dy
e T

)= ae) = (o (341 ) (222
ni(x) = &NZH/Q(@(W(% d% )l(co;z)

Asymptotic Formulas x>1

1(1+1)

2

Ju=0

Expansion Formulas

eikreosf — Z (2l + 1)iljl(kT)Pl(COS 9)
=0
cikR ad

=ik 2+ 1)k )b (k1) Pycos ¢)
=0
hl(l)(x) = ji(z) +iny(z)

R

Modified Bessel Function
d?y 1dy ZAN
a2 Va1t )v=0

I,(z), K,(z) : Solutions

Hermite Differential Equation



Py dy

22 mn z2
Hy(x)= (71)’167(&71677 One of two solutions
Generating function : exp ©_—y) = i £H (x)
' 2 2 — nl "
oo _z? 1./ —
/ Hy(z)Hp(x)e 2dz=4{ ™ 27 (m=n)
oo 0 (m#n
Laguerre Differential Equation
d?y dy _
e d\" o = o n "
b =y( 5 ) =3 () )
Orthogonality : - e "Ly () Ly(z)dx = L (m=n)
o " " 0 (m#n)
Associated Laguerre polynomial
d*y dy _
—k,x n n r
k _T e i -z n+k) _ _1\r n+k ‘T_
Ln(z) = n! (daz) (e )72_%( 1>(n7")7"!
n | r
:Z (1) (n+k)! "
~ (n—r)l(k+7r)! r!
2
LE(x)=1 Li(z)=-2+k+1 L’f(m)z%—(/@—l—%x-ﬁ-w
3 2
ngf(x):—x——i— (k+3)2*  (k+2)(k+3)x . (k+1)(E+2)(k+3)
6 2 2 6
Integral

/ f(@)g(@)de = f(z)g(z) - / F/(2)g(x)dz

/() F(z)= /f<:c>dz
1 1, _z
2+ a? Etan o
1 R -
—_— S1n —
a

Vo -2
va?—a? %(:E\/ a’—z?+ aQSin_lg)
%+ a? %(x\/zQ:I:a2 +a?log ’er \/:EQ:I:QQD
1
N

_t 10g’z+\/x2+a2’:sinh’1§

_— log’er\/foaQ‘:cosh*l%

Rational Function

=R — J@)=R@)+Y Y Ay Y e




: Partial fraction expansion

log|x — « n=1
[ sle —al (n=1)

x—a)": _nil(x—a)”*l (n>1)

Bx+C B 2c+ 0 dx
2T == =T F g+ -
/ @+ ) 2/ @+ gty / (22 + Pz + )™
where C’:CfBg
9+ 3 log (2* + B + ) (m=1)
(G A 1 (m>1)
v m—1 (224 Bz + )™ !
dx dt B 12 62
= t= 2 =~
/(x2+6:c+v)’” /(t2+ﬁ’2)m e T
. dx
We define In:/ m
1 T 2n—3
In= 2a%(n—1) (z2+a?)n! + a?(2n —2) I
Rational Function of Trigonometric Functions
We let P(X,Y) be a rational function of X,Y, and consider
/P(cosz,sin:c)d:c
We define tztan%
cos:c*—lil52 sinz*—% £*1+t2
C1+¢2 C1+t2 dez 2
: I 2
/P(cosz,sm:c)d:c/P(lthQ, 1+t2>1+t2dt
which results in an integral of a rational function of ¢.
Sup.) In:/ sin"z dx S’n:/2 sin"z dz
0
In:%(—cosxsin"_lx—i—(n—l)In_g) Iy=x I =—coszx
nflnf?)lz (n22;even)
! n-ln=-3 2 (n>3:0dd) °2 '
n n—2 3 =

Rational Function of Quadratic Irrational Functions

/P(x,\/ax2+bz+c)dz

i. Case of a >0

t2—c
21 p =t — L .
Vaz?+bxr+c Vazx x CNCTE,

The integrand goes to a rational function of ¢.

ii. Case of a <0




ar?’+br+c=alr—a)(x—p)
_ Ja(z—a)
e

a,BeRr

The integrand goes to a rational function of ¢.

Change of Variables

J e

Other Integrals

[e%S)
/ e—az2x2ndx
0
[e%S)
L
0

2
ar $2n+1d$

First-Order Differential Equation

Variables-separable

y'=g(y) f(z)

Equation Change of Variables New Equation
y'=flax+by+c) u=ax+by+c Zz_a-i-bf( )
d
=4(5) um? du_Jw) =
(Homogeneous) r da z
;L ar+by+c ac+bB+c=0 a+b2
y_f<a’$+b’y+cl) {a/quLb/ﬂJrc/O Z_Z:f<_l b/uU>
(ab" —a'b+0) r=uta,y=v+p @'+
'—a’ = PV = / = ! /: —C_ac
(ab'—a'b=0) aa=aa’,b=ab’ |y f(a+a’z+b’y+c’)

First-Order Linear Differential Equation

y'+alx)y=0b(x)

= y(z)=

u(z) = /Z b(x)e P@dy

Zo

u(z)eP® 4+ CeP®)

y)day e dx, = / / fei(€ )s et (&1 €n))‘ﬁ déy---dép
(2n —1)! ©
ZnJrl \ a2n+1 /0 € d = 2\/\/%5
n!
= 2an+1

Sup.) An equation including derived functions of unknown y but not independent of variable x.

F(ya y/a ) y(n)) =0

If welet y'=p

dp
12 " __
vi=g,p Y

&p o, (dp
T dy? Pt (dy P

which result in differential equations of unknown function p and independent variable y.

Linear Ordinary Differential Equation with Constant Coefficients

Homogeneous Equation

y(") +a,—

(D™ +an D" 4+ agD?*+ a1 D + ap)y = f(x)

P(D)y= f(x)

10

1Y b b agy” +ary’ +agy = f(x)

where D = T



Homogeneous equation
P(D)y=0
aya, €C Solution of P(t)=0
(D —o1)(D—az)(D—an)y=0
Fundamental solutions
(D—a;)y=0 = y=C;e*®
(D — o)™y =0 — y=(C3+Cix+ - +CJ, _jam=1)e™®
(Let y=e“u)
Method of Variation of Parameters
Yy +an1(2)y" Y+t aa(2)y” + ai(2)y’ + ao2)y = f(x)

If fundamental solutions of its homogeneous equation y; y2 -y, are known,

yl y2 yn
! !
Wronskian Wy, yn) = yl Z yn
ygn—l) (n o y’gn—l)

yi(s) Yn(s)

1 . . P

Green function G(x,s) = n ne

(@) W (y1(s), - yn(s)) | yi" "2 (s) -yl 2(s)

The solution of the non-homogeneous equation is

Z cyi(x /I G(z,s)f(s)ds

j=0 0

Lagrange’s Differential Equation

ou 0
p(wa yau)%—’— q(m, yau)@u:r(‘ra yau)

de  dy du
p(@,y,u) @, y,u) r(zy,u)
We let two independent solutions of this equation be
g(x7y,u):a h(z7y7u,):b

General solutions of Lagrange’s equation are any functions of g and h.

Auxiliary equation

f(g’ h) =0
Laplace Equation in 2 Dimension
2 2
{=z+iy n=x—1iy d(x,y)=6(&,m)
82
2
Vip= 48{8 $=0
General solutions (&, n) = f1(6) + fa(n)
Rotating symmetry (Function of &n= 2%+ y?) g(én)=alnén+b

11



Fourier Transform

f<k>=# / T fe)ehrda

General Formulas in Fourier Transform

T :L <2 eikw
f(z) m/_mfoe) dk

(Parseval’s identity)

[ T kg dk = / T fo)gt(@)de
f PRENEN

() f (k)
(@) F (k)
f(£+0) lale'a?f (a k)
ax)e T Lkl
flaz) (k)
o f(z) (i LI
F() (i k)" ()
(fxg)(x) F(R)G(h)

1

(@) =—= [~ fa=towir=—= [ fOs(—nar

V2r

Examples of Fourier Transform

f(@) — Fk)
1 T €7a|k|
22+ a2 (a>0) \/g "
1 2
— K Modified B 1
V2t a2 \/; o(alk|) (Modified Bessel)
e—azz 1 €7g
V2a
tanflz 71\/@ e*a‘kl
a 2k
1
o(x -
) V2T
1 ./
z ~iy/3sen(k)
0(x) Heviside step function \/gd(k) . Ty
1
e~ "0 (x L S—
) V27 (a+ik)

Delta Functions

12



) =3 =5 =0

i

lim L , :V.P.%:Fims(:c)

e—40 T E 1€
Integral Equation

Abel's Problem

flz)= /_OO K(x —y)u(y)dy u(z): Unknown function
U(@i%/foo R (R ethrdk

K(x —y) : Kernel

f(z)=g(x)+ )\/_OO K(x—y)f(y)dy f(z): unknown function

)_\/%/_oo 1— V2K (k) ak

Green Functions

fz

Consider a partial differential equation of type Lu(z) = f(x).
L=F(D,,, Dy,)=F(Ds))

F(Dy,)G(r,r) =6(r —7') r= (21, Tn)
Then
1 eik(r—r/)

CTV(’I’7 r’) = (27T)n F(Z kz) dk

Diffusion Equation in 1 Dimension

Lyy=D2-D,
G(r—r)=q \/ar|y—y] 4y —y'|
0 (y<y')
Initial-value problem
(D% — Dy)u(z,t) =0 with u(z,0) = f(z)
(D3 = Dyyu(z, t) = —d(t) f(x)
Wave Equation in 1 Dimension
L, ,=D3i—D:
1
G(r—r')= 59(y*|:c|) (y>0)
0 (y<0)

Laplace's Equation in 2 Dimension

13



Ly, =D2 +D§

_ ! —i l = — !
G(r r)—27rln = R=|r—7/|
Sup.) Poisson integral formula (Dirichlet problem) Cauchy integral formula

_ L[ (RE—r?)u(Ro, 9) G
U(T’H)_% 0 R372R0rcos(97¢))+r2d¢ f(z)72_m/C Edg

Laplace's Equation in 3 Dimension
Ly .=D3+D.+ D?

1 1

Gr—r)= I =]

Diffusion Equation in 3 Dimension

Lz,y,z,t:Dg'*'D%""Dg _Dt

Glr—rt—t)=

1 (r —r)?
[4m(t —t")]3/2 eXp[ At —t'| }

Wave Equation in 3 Dimension
Lm,y,z,t:D%""D%""Dg_Dga

1

- _ 4 ! Y
Glr—rt—t)= 47T|r—r’|6(t t'—|r—r') (t—t'>0)

0 (t—t'<0)
Sup.) Consider Ly ;= F(A, D;). We let Green function of L, ;= F (D2, D;) be gi(z,y).
Then Green function of L, ; is

1
G(r,t):—%DTgl(r,t) r=|r|

where g7 is even function about r, therefore D,g; is odd.

Laplace Transform

_ B 0o e _ 1 c+i00 o i
f(s):/o f@)e **dx f(z)72_m e estf(s)ds
c¢>o : Region of convergence

f(x) «— f(s)
f (o) 2HE) @0

f(z—a) (x>a) s
{ 0 (x<a) e )
fx)ete f(s—0) (s>0+b)
(@) (%) 76
%f(:c) /OO e f(s)(ds)" (nth order integral)
f'(x) —f(0)+5f(s)



F() F(s) = 3 s 0(0)
r=0

xr xr n i~s

| [ s@aa L)

2™ f () (z) (m >n) < %)m[snf(s)]

/0 " f@—y)g(y)dy = (frg)(2) F(5)3(s)

Examples of Laplace Transform

f(@) — f(s)
§(x) 1
.. . 1
0(x) Heviside step function S
v I'v+1
x (—-l<v<oo) (su-i-l) n!=T(n+1)
axr 1
e
s—a
_ I'(v)
ax.v—1
ety (v>0) Goa)
sin ax a
24 a?
cos ax: i
s24a?
Jo(2V Ax) éef)‘/s
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