
Quick Reference to Quantum Field Ver.0.9g
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Gauge transformation

A�!A0
�=A�¡ @��

@�A
�=0 =) ��=@�A� : Lorenz gauge

r �A~ =0 =) ��=¡r �A~ : Coulomb gauge

Heaviside-Lorentz unit: "0= �0=1 Natural unit: ~= c=1 e2

4p
= 1

137
Euler Equation

S=
Z
L(�; @��)d4x=

Z
L d3xdt=

Z
Ldt action

�S=0 =) @L
@�
¡ @�

@L
@(@��)

= 0 Least action principle

Proca Equation

L=¡1
4
F ��F��+

1
2
m2A�A�¡ j�A�

@L
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¡ @�
@L
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=0 ) �A�¡ @�(@�A�)+m2A�= j�) m2@�A

�= @�j�=0
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Fock Space

â; ây : rising and lowering operator [â; ây] = 1

N̂ = âyâ : number operator N̂ jni=njni

âyjni= n+1
p

jn+1i âjni= n
p
jn¡ 1i âj0i=0

jni= 1
n!

p (ây)nj0i

e.g. [x̂; p̂] = i p̂; x̂ : Hermitian

â= 1
2m!

p (m!x̂+ ip̂) ây= 1
2m!

p (m!x̂¡ ip̂) [â; ây] = 1

Ĥ = 1
2m

p̂2+ 1
2
m!2x̂2=!

�
âyâ+ 1

2

�
Invariant Delta Function

�(x;m2) � 1
i(2p)3

Z
d4p �(p0)�(p2¡m2)e¡ipx

= 1
i(2p)3

Z
d3p

1
2 m2+ p~2
p [e¡ipx¡ eipx]

=¡ 1
2 p

�(x0)

"
�(x2)¡ m2

2
�(x2)

J1
¡
m x2
p �

m x2
p

#
�
�(u)� sgnu�u/ juj
�(0)=0

�(¡x;m2)=¡�(x;m2) x2> 0: timelike x2< 0: spacelike

Canonical Quantization

pi=
@L(�i; @�i)
@[@t�i]

H= pi@t�i¡L H =
Z
d3xH

i@t�=[�;H] i@tp(x)= [p;H ]

T ��= @L
@[@��i]

@��i¡ g��L: Energy-momentum tensor

T 00=H pi=
Z
d3xT 0i @�T ��=0

Neutral Scalar Field

L= 1
2
@��@

��¡ 1
2
m2�2 (�+m2)�(x)=0

p= @L
@[@t�]

= @t�

H= p@t�¡L=
1
2
[(@t�)2+(r�)2+m2�2]

[�(t; x~ ); p(t; x~ 0)]= i�(x~ ¡x~ 0) canonical quantization

[�(t; x~ ); �(t; x~ 0)]= [p(t; x~ ); p(t; x~ 0)]=0

�(x)=
Z

d3p
(2p)3 2E

[a(p~)e¡ipx+ ay(p~)eipx]

a(p~)=
Z
d3xe¡ip~ �x~[E�(0; x~ )+ ip(0; x~ )]

H =
Z

d3p
2(2p)3

1
2
[ay(p~)a(p~)+ a(p~)ay(p~)]=

Z
d3p
2(2p)3

ay(p~)a(p~)+ 1
2

Z
d3pd3x
(2�)3

E

[a(p~); ay(p~ 0)]= (2p)3 2E�(p~ ¡ p~ 0) [a(p~); a(p~ 0)]= 0
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4-dimensional commutation relation

[�(x); �(y)]= i�(x¡ y;m2) invariant delta function

Complex Scalar Field

L=@��y@��¡m2�y�

�= 1
2

p (�1+ i�2) �y= 1
2

p (�1¡ i�2) �1; �2 : Hermitian

�= @L
@[@t�]

= @t�y �y= @L
@[@t�y]

= @t�

H=�@t�+(@t�y)�y¡L= @t�y@t�+r�y �r�+m2�y�

�(x)=
Z

d3p
(2p)3 2E

[a(p~)e¡ipx+ by(p~)eipx] �(x)= i
Z

d3p
(2p)3 2

[ay(p~)eipx¡ b(p~)e¡ipx]

a(p~)=
Z
d3x e¡ip~ �x~[E�(0; x~ )+ ipy(0; x~ )] b(p~)=

Z
d3x e¡ip~ �x~[E�y(0; x~ )+ ip(0; x~ )]

[�(t; x~ ); p(t; x~ 0)]= i�(x~ ¡x~ 0) [�(x); �y(y)]= i�(x¡ y;m2)

[�(t; x~ ); �(t; x~ 0)]= [�; �y] = [�; �] = [�; �y] = [�; �y] = 0

[a(p~); ay(p~ 0)]= [b(p~); by(p~ 0)]= (2p)3 2E�(p~ ¡ p~ 0)

[a; a] = [a; b] = [a; by] = [b; b] = 0

H =
Z

d3p

2(2p)3
[ay(p~)a(p~)+ b(p~)by(p~)]=

Z
d3p

2(2p)3
[ay(p~)a(p~)+ by(p~)b(p~)]+

Z
d3pd3x

(2p)3
E

Noether's theorem

�S=
Z
d4x

X
i

@�

�
@L

@(@��i)
��i

�

J�=
X
i

@L
@(@��i)

��i =) @�J
�=0

Q�
Z
d3x J0

dQ

dt
=0

e.g. L= @��y@��¡m2�y� �! �0= ei��! (1+ i�)� ��= i��

J�= i[�y(@��)¡ (@�� y)�]

Q =i
Z
d3x [�y(@t�)¡ (@t�y)�] =

Z
d3p

(2p)3 2E
[ay(p~)a(p~)¡ b(p~)by(p~)]

=
Z

d3p
(2p)3 2E

[ay(p~)a(p~)¡ by(p~)b(p~)]¡
Z
d3pd3x
(2p)3

Quantization of Electro-magnetic Field ( Lorenz gauge @�A�=0 )

A�(x)=
Z

d3k
(2p)3 2!

X
�

[a�(k~)"�
�(k~)e¡ikx+ a�

y(k~)"�
��(k~)eikx]

k2=0 k�"
�= k�"��=0 �=� for real photon

[a�(k~); a�
y(k~ 0)]= (2p)3 2!(¡g��)�(k~ ¡ k~ 0) [a; a] = [ay; ay] = 0

H =
Z

d3k
2(2p)3

X
�=�

a�
y(k~)a�(k~)+

X
�=�

Z
d3kd3x
(2p)3

!
2

Polarization Vector of Spin 1 Particle
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"�(�=+)= 1
2

p (0;¡1;¡i; 0) � : helicity on traveling along the z-axis

"�(�=¡)= 1
2

p (0; 1;¡i; 0)

"�(�=0)= (0; 0; 0; 1) "�(�= s)= (1; 0; 0; 0)

"�(�)"��(�)= g�� (�; �= s;+;¡; 0)

p�=(E; 0; 0; p) ) "�(p;�=0)= (p; 0; 0; E)/M M2=E2¡ p2

"�(p;�= s)= (E; 0; 0; p)/M = p�/M

"�(p;�=�)= "�(�=�)X
�=�;0

"�(p;�)"��(p;�)=¡g��+ p� p�/M2

Rotation of Polarization vector

Ux(�)=

0@ 1 0 0
0 cos� ¡sin�
0 sin� cos�

1A Uy(�)=

0@ cos� 0 sin�
0 1 0

¡sin� 0 cos�

1A Uz(�)=

0@ cos� ¡sin� 0
sin� cos� 0
0 0 1

1A

Lx=

0@ 0 0 0
0 0 ¡i
0 i 0

1A Ly=

0@ 0 0 i
0 0 0
¡i 0 0

1A Lz=

0@ 0 ¡i 0
i 0 0
0 0 0

1A

 matrixes


0=
�
1 0
0 ¡1

�

i=

�
0 �i
¡�i 0

�

5=

�
0 1
1 0

�
1¡ 
5=

�
1 ¡1
¡1 1

�
f
�; 
�g=2 g�� g��g

��=4

�1=
�
0 1
1 0

�
�2=

�
0 ¡i
i 0

�
�3=

�
1 0
0 ¡1

�

5= i 
0
1
2
3 (
5)2=1 f
5; 
�g=0 (1� 
5)2=2 (1� 
5)


0y= 
0 
iy=¡
i 
5y= 
5 
�y= 
0
�
0


�

�=4 
�a


�=¡2a 
�ab 

�=4a � b 
�ab c


�=¡2cb a

Tr[
�
�] = 4g�� Tr[ABC] =Tr[BCA] Tr[S¡1AS] =TrA Tr1=4

Tr[
�
�
�
�] = 4[g��g��+ g��g��¡ g��g��]

Tr[
5
�
�
�
�] =¡4i "���� ("0123=¡"0123=1 convention)

Tr[
1
2���
2n+1] = 0

Tr[
5] =Tr[
5
�] =Tr[
5
�
�] =Tr[
5
�
�
�] = 0

"����"��

�=¡2(g�
g��¡ g��g�
)


�
�
�= g��
�¡ g��
�+ g��
�¡ i
5"����
�

Dirac Field

L=  �(
�i@�
����������������
¡m) = 1

2
[ �
�(i@� )¡ (i@� �)
� ]¡m �  ��  y
0

(
�i@�¡m) (x)= 0

L( ; @� )=  �(x)(
�i@�¡m) (x) : Use this hereafter
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p= @L
@[@t ]

= i y

H=�@t ¡L=¡ �
ii@i +m � =  yi@t 

 (x)=
Z

d3p
(2p)3 2E

X
s=1;2

[cs(p~)us(p~)e¡ipx+ ds
y(p~)vs(p~)eipx]

 �(x)=
Z

d3p
(2p)3 2E

X
s=1;2

[cs
y(p~)u�s(p~)eipx+ ds(p~)v�s(p~)e¡ipx]

us(p~)=N

0@ �s
�~ � p~
E+m

�s

1A vs(p~)=N

0@ �~ � p~
E +m

�s

�s

1A N = E+m
p

cs(p~)=
Z
d3x e¡ip~ �x~us

y(p~) (0; x~ ) ds(p~)=
Z
d3x e¡ip~ �x~ y(0; x~ )vs(p~)

f �(t; x~ );  �
y(t; x~ 0)g= ����(x~ ¡x~ 0) �; �=1� 4: Dirac spinor suffix

f ;  g= f y;  yg=0

fcs(p~); cr
y(p~ 0)g= fds(p~); dr

y(p~ 0)g=(2p)3 2E�sr�(p~ ¡ p~ 0) s; r=1; 2

fc; cg= fc; dg= fc; dyg= fd; dg=0

H =
Z

d3p
2(2p)3

X
s

[cs
y(p~)cs(p~)¡ ds(p~)ds

y(p~)]

=
Z

d3p
2(2p)3

X
s

[cs
y(p~)cs(p~)+ ds

y(p~)ds(p~)]¡
X
s

Z
d3pd3x
(2p)3

E

J�= q �
� @�J
�=0

Q =
Z
d3x J0= q

Z
d3x y = q

Z
d3p

(2p)3 2E

X
s

[cs
y(p~)cs(p~)+ ds(p~)ds

y(p~)]

=q
Z

d3p
(2p)3 2E

X
s

[cs
y(p~)cs(p~)¡ ds

y(p~)ds(p~)]+ q
X
s

Z
d3pd3x
(2p)3

Two-component Spinor

�"(z)=
�
1
0

�
�#(z)=

�
0
1

�
�"(z)=

�
0
1

�
�#(z)=

�
¡1
0

�

�"(�; ')=

0BBBB@ e¡i'/2cos
�

2
ei'/2sin

�
2

1CCCCA �#(�; ')=

0BBBB@ ¡e¡i'/2sin�
2

ei'/2cos
�
2

1CCCCA: particle

�"(�; ')=

0BBBB@ ¡e¡i'/2sin�
2

ei'/2cos
�
2

1CCCCA �#(�; ')=

0BBBB@ ¡e¡i'/2cos�
2

¡ei'/2sin�
2

1CCCCA: anti-particle
�(�; ')�"(�; ')= �"(�; ') �(�; ')�#(�; ')=¡�#(�; ')

�(�; ')�"(�; ')=¡�"(�; ') �(�; ')�#(�; ')= �#(�; ')

�(�; ')� sin�cos'�1+ sin�sin'�2+ cos��3=

 
cos� sin�e¡i'

sin�ei' ¡cos�

!
Rotation of two-component spinor

ui(�)= e¡i�i�/2 (Rotation of coordinates: u~i(�)= ei�i�/2)
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u1(�)=

0BBBB@ cos
�
2

¡isin�
2

¡isin�
2

cos
�
2

1CCCCA u2(�)=

0BB@ cos
�
2
¡sin�

2
sin

�
2

cos
�
2

1CCA u3(�)=

 
e¡i�/2 0
0 ei�/2

!

R(�; ')=R3(')R2(�)=

0BBBB@ e¡i'/2cos
�
2
¡e¡i'/2sin�

2
ei'/2sin

�
2

ei'/2cos
�
2

1CCCCA
Formula0BBBBBBBBBBBB@

�"
y�1�" �"

y�2�" �"
y�3�"

�"
y�1�# �"

y�2�# �"
y�3�#

�#
y�1�" �#

y�2�" �#
y�3�"

�#
y�1�# �#

y�2�# �#
y�3�#

1CCCCCCCCCCCCA=
0BBBBBB@

cos�cos'+ i sin' cos�sin'¡ i cos' ¡sin�
¡sin�cos' ¡sin�sin' ¡cos�
¡sin�cos' ¡sin�sin' ¡cos�

¡cos�cos'+ i sin' ¡cos� sin'¡i cos' sin�

1CCCCCCA
Dirac Spinor

us
y(p~)ur(p~)= vs

y(p~)vr(p~)= 2E�sr us
y(p~)vr(¡p~)= vs

y(p~)ur(¡p~)= 0

u�s(p~)ur(p~)=¡v�s(p~)vr(p~)=2m�sr u�s(p~)vr(p~)= v�s(p~)ur(p~)= 0X
s=1;2

us(p)u�s(p)= p+m
X
s=1;2

vs(p)v�s(p)= p¡m

(p¡m)u=0 (p+m)v=0 u�(p¡m)= 0 v�(p+m)= 0

Magnetic moment of dirac particle (gyromagnetic ratio)

qe �
� A�! qeu�s(p)us(p)
p�

m
A�(x)¡

qe
2m

u�s(p)���us(p)@�A�(x)

on conditions of jp~ j�E�m, us�N
�

�s
�~ � v~�s/2

�
, N =1

! qe(�¡ v~ �A~ )¡ qe
m
s~ � (B~ ¡ v~ �E~ ), where s~ � 1

2
�s
y�~�s

�~ � g qe
2m

s~ = gq�Bs~ g=2 �B�
e

2m
: Bohr magneton

Covariance of Dirac spinor

x�!x0
�=a��x�

 (x)!  0(x0)=S(a) (x)  �(x)!  �(x)S(a)¡1

S¡1
�S= a��
� S¡1= 
0Sy
0

boost with 4 momentum p�=(E; p~), m= p2
p

S(p~)= E +m
2m

r 0BBBB@ 1 �~ � p~
E+m

�~ � p~
E+m

1

1CCCCA �~ � p~ =
�

p3 p1¡ i p2
p1+ i p2 ¡p3

�

boost with n̂, cosh�= 


S(�)=

0BB@ cosh
�
2

n̂ ��~ sinh�
2

n̂ ��~ sinh�
2

cosh
�
2

1CCA= 
+1
2

r 0BBBB@ 1 n̂ ��~ 
�

+1

n̂ ��~ 
�

+1

1

1CCCCA
charge conjugation of Dirac spinor

C = i
2
0=
�

0 ¡i�2
¡i�2 0

�
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C(
�)TC¡1=¡
� Cf
�(1¡ 
5)gTC¡1=¡
�(1+ 
5)

C =C�=¡C¡1=¡CT =¡C y

 C=C �T = i
2 �  �C=¡ TC¡1=¡i ��
2

u=

0@ �s
�~ � p~
E +m

�s

1A! uC= i
2u�=

0@ �~ � p~
E+m

�s

�s

1A, where �s=� 0 ¡1
1 0

�
�s
�

v=

0@ �~ � p~
E+m

�s

�s

1A! vC= i
2v�=

0@ ��
�~ � p~
E +m

�s

1A, where �s=� 0 1
¡1 0

�
�s
�

parity transformation of Dirac spinor

P = �P

0= �P

�
1 0
0 ¡1

�
P 2=1 �P

2 =1 P¡1= �P

0

P¡1
�P =(
0;¡
i)= 
�

Pus(p~)=us(¡p~) Pvs(p~)=¡vs(¡p~) �P � 1

PL=
1¡ 
5
2

PR=
1+ 
5

2

PL+PR=1 PL;R
2 =PL;R PLPR=PRPL=0 P¡1PL;RP =PR;L

Chirality(Weyl) Representation

 =
�
 L
 R

�

0=

�
0 1
1 0

�

i=

�
0 �i
¡�i 0

�

5=

�
¡1 0
0 1

�
 L�PL =

�
 L
0

�
 R�PR =

�
0
 R

�
PL


�= 
�PR

 �L=  �PR  �L L=  �R R=0  �L
� R=  �R
� L=0

 D=T W 
D=T
WT¡1 T = 1
2

p
�

1 1
¡1 1

�
T¡1= 1

2
p
�
1 ¡1
1 1

�

SW(p~)=
E+m
2m

r 0BBBB@ 1¡ �~ � p~
E+m

0

0 1+ �~ � p~
E+m

1CCCCA
Bilinear Expression

 �  �
5   �
�  �
�
5   ���� 
(S) (P) (V) (A) (T)
1 1 4 4 6

���= i
2
[
�; 
�] = i[
�
� ¡ g��]

u�(p0)
�u(p)= 1
m+m0

u�(p0)[(p+ p0)�¡ i���q�]u(p) q� p¡ p0

Propagator

i�F(x0¡x) =h0jT (�(x0)�y(x))j0i
=�(t 0¡ t)h0j�(x0)�y(x)j0i �

boson
fermion

�(t¡ t 0)h0j�y(x)�(x0)j0i
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�(t)= ¡1
2p i

Z
dk0

e¡ik
0t

k0+ i"

i�F(x0¡x)= i
Z

d4k
(2p)4

i�~F(k) e¡ik(x
0¡x)

Klein-Gordon: i�~F(p)=
i

p2¡m2+ i "

Gauge field: iD~F(p)=
¡ig��

p2¡m2+ i "

Dirac field: iS~F(p)=
i(p+m)

p2¡m2+ i "

Local Gauge Transformation: scalar field with U(1)

D�= @�+ iqA� (p�! p�¡ qA�)

L =(D��)y(D��)¡m2�y�¡ 1
4
F ��F��

=(@��)y(@��)¡m2�y�¡ 1
4
F ��F�� ¡ j�A�

j�= qJ�= iq[�y@��¡(@��)y�]

Gauge Field

U(1): eig1�(x)�Y /2 B� : Abelian

SU(2): eig2�~ (x)��~/2 W� : non-Abelian
h
�a
2
;
�b
2

i
= ifabc

�c
2

D�= @�+ i g1
Y
2
B�+ i g2

�a
2
Wa�

B�!B�
0 =B�¡ @�� Wa�!Wa�

0 =Wa�¡ @��a+ g2fabcWb��c

B���@�B� ¡@�B� Wa���@�Wa� ¡ @�Wa�¡ g2fabcWb�Wc�

SU(3)�
�a
2
;
�b
2

�
= ifabc

�c
2

Tr(�a)= 0 Tr(�a�b)= 2�ab fabc=
1
4i
Tr([�a; �b]�c)

�1=

0@ 0 1 0
1 0 0
0 0 0

1A �2=

0@ 0 ¡i 0
i 0 0
0 0 0

1A �3=

0@ 1 0 0
0 ¡1 0
0 0 0

1A

�4=

0@ 0 0 1
0 0 0
1 0 0

1A �5=

0@ 0 0 ¡i
0 0 0
i 0 0

1A �6=

0@ 0 0 0
0 0 1
0 1 0

1A

�7=

0@ 0 0 0
0 0 ¡i
0 i 0

1A �8=
1
3

p

0@ 1 0 0
0 1 0
0 0 ¡2

1A
f123=1

f147=¡f156= f246= f257= f345=¡f367=
1
2

f458= f678=
3

p

2
Jacobi identity fabcfck`+ fbkcfca`+ fkacfcb`=0

S-Matrix

H0jn; ti= i
@
@t
jn; ti jn; ti=U0(t)jni

(H0+V )j ; ti= i
@
@t
j ; ti j ; ti=U(t)j i V (t)=¡

Z
d3xLint(x)
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U(t)=U0(t)T exp
�
¡i
Z
t0

t

dt 0U0
y(t 0)V (t 0)U0(t 0)

�
U0
y(t0)

S�U(1)U y(¡1)=U0(1)T exp
�
i

Z
d4x0U0

y(t 0)Lint(x0)U0(t0)
�
U0
y(¡1)

Tfi � hf ;1jS ji;¡1i=
�
f

��������T exp� iZ d4x0U0
y(t 0)Lint(x0)U0(t 0)

���������i�
= �fi+ i

Z
d4x0hf ; t 0jLint(x0)ji; t 0i

+ i
2

2!

Z
d4x0

Z
d4x00

X
n

T [hf ; t 0jLint(x0)jn; t 0ihn; t 00jLint(x00)ji; t00i] + ���

� �fi¡ i(2�)4�4(pf ¡ pi)Mfi

Matrix Element for ¡iM
j �f ¡  ij2=  �f ¡  i �i 
0¡y 
0  f =Tr[¡  i �i 
0¡y 
0  f �f ]

X =(xi), Y =(yi) =)XTY =Tr[YXT ]


0
�y
0= 
� 
0(1¡ 
5)y
0=1+ 
5 
0( i �j)y
0=  j �i
External Lines

spin 1/2 incoming: u(p; s) or v(p; s) outgoing: u�(p; s) or v�(p; s)

spin 1 incoming: "�(p; �) outgoing: "��(p; �)

Internal Lines

spin 0
i

p2¡m2+ i "

spin 1/2
i(p+m)

p2¡m2+ i "

spin 1
i

k2+ i "

�
¡g��+(1¡ �)k

�k�

k2

�
�=1 for Feynman gauge

i
p2¡m2+ i "

�
¡g��+ p�p�

m2

�
Unitary gauge

i
p2¡m2+ i "

�
¡g��+(1¡ �) p�p�

p2¡ �m2

�
R gauge

Vertexes

EM current for charge +e ¡ie
�

EW charged current ¡i g
2

p 
�
1¡ 
5
2

3 gluons vertex ¡gsf��
[g��(k1¡ k2)�+ g��(k2¡ k3)�+ g��(k3¡ k1)�]

ε

ε

ε
µ

ν

λ

,

,
,k

k

k

2

1
3

,
,

,

λ

λ

λ

β

α
γ


(k
 ; "�)-W+(k+; "�)-W¡(k¡; "�) vertex

ie[g��(k+¡ k¡)�+ g��(k¡¡ k
)�+ g��(k
¡ k+)�]
Conservation law

Q numnInt. Strong EM Weak
Isospin I O X X
I3 O O X
Parity P O O X
C-parity C O O X
G-parity G O X X
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