
Quick Reference to Quantum Mechanics Ver.0.5o

Commutation Relation

[Â; B̂] =¡[B̂ ; Â] [ÂB̂ ; Ĉ] = Â[B̂; Ĉ] + [Â; Ĉ]B̂

[Â; [B̂ ; Ĉ]] + [B̂ ; [Ĉ ; Â]] + [Ĉ ; [Â; B̂]]� 0

eB̂Âe¡B̂= Â+[B̂; Â] + ���+ 1
n!
[B̂; [B̂ ; ���; [B̂; Â]���]] + ��� eB̂F (Â)e¡B̂=F (eB̂Âe¡B̂)

[Â; B̂] =C-num =) [F (Â); B̂] =F 0(Â)[Â; B̂] eÂ+B̂= eÂeB̂e¡
1
2
[Â;B̂]

�A�B= 1
2
jh[Â; B̂]ij where �A� h(Â¡hÂi)2i

q
= hÂ2i¡ hÂi2

q
[p̂; x̂] =¡i~

h=2�~ : phase space volume for one quantum state in 1-dim.

Minimum Wave Packet: �A�B= 1
2
jh[Â; B̂]ij

[h[Â; B̂]i(Â¡hÂi)¡ 2(�A)2(B̂ ¡hB̂ i)]j i=0

Â= x̂, B̂= p̂ =)  =Const� exp
�
i
~hp̂i(x̂¡hx̂i)

�
exp

�
¡(x̂¡hx̂i)

2

(2�x)2

�
Ket j i

 (x; t)= hxj i hxjx0i= �(x¡x0)
X
x

jxihxj=1

Expansion with Eigen Ket Ĥ j�ni=Enj�ni

j ; ti =
X
n

j�nih�nje
¡ i

~En(t¡t
0)j ; t 0i

=
X
n;x;x0

jxi�n(x)�n�(x0)e
¡ i

~En(t¡t
0)hx0j ; t 0i

=
X
n;x;x0

jxiG(x; t;x0; t 0)hx0j ; t 0i

hxjÂj i=
X
x0

hxjÂjx0ihx0j i=
X
x0

Axx0 (x0)

hÂi= h jÂj i Expected value

Schrödinger Equation

p̂=¡i~r x̂=x Coordinate representation

Ĥ j ; ti= i~ @
@t
j ; ti

�
¡ ~

2

2m
r2+U(x)

�
 (x; t)= i~ @

@t
 (x; t)

 (x; t)= 1
(2�~)3/2

e
i

~(p�x¡Et) Plane wave

p̂! p̂¡ qA=¡i~r¡ qA with vector potential B=r�A

Heisenberg Representation

Û(t; t 0)= e¡
i

~Ĥ(t¡t
0) Evolution operator

Time Evolution of Eigen State Û : Unitary Û y= Û¡1

Û j�ni= e¡
i

~Entj�ni

ÔS : Schrödinger representation ÔH : Heisenberg representation
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j iH= j ; t0iH� j (t= t0)iS= Û y(t; t0)j (t)iS : State

ÔH(t)= Û¡1(t)ÔSÛ(t) i~ @
@t
ÔH(t)= [ÔH(t); Ĥ]

[ÂS; B̂S] = ĈS =) [ÂH; B̂H] = ĈH

ĤH=
p̂H
2

2m
+V (r̂H) =) d

dt
r̂H=

p̂H
m

d
dt
p̂H=¡

@
@r̂H

V (r̂H)

Wave Function in Heisenberg Representation

x̂H(t)jx; tiH=xjx; tiH , x̂jxiS=xjxiS : Coordinate eigen ket at time t

Hhx; tj iH= Shxj ; tiS
Interaction Representation

Ĥ = Ĥ0+ V̂

ÔI� e
i

~Ĥ0t ÔS e
¡ i

~Ĥ0t j (t)iI� e
i

~Ĥ0tj (t)iS

i~ @
@t
j (t)iI� V̂Ij (t)iI V̂I� e

i

~Ĥ0t V̂S e
¡ i

~Ĥ0t

i~ @
@t
ÔI(t)= [ÔI(t); Ĥ0]

[ÂS; B̂S] = ĈS =) [ÂI; B̂I] = ĈI

Ĥ0=
p̂I
2

2m
+V0(r̂I) =) d

dt
r̂I=

p̂I
m

d

dt
p̂I=¡

@

@r̂I
V0(r̂I)

Evolution Operator

Û(t 00; t 0)= exp
�
¡ i~Ĥ(t

00¡ t 0)
�

	0: A state in Schrödinger picture at t 0. 	00: The state where 	0 will turn out to be at t 00.

	00=U(t 00; t 0)	0

Matrix elements: hq 00jU(t 00; t 0)jq 0i= hq 00; t00jq 0; t 0i

Probability Flux

j(x; t) =¡ i~
2m

( �r ¡ (r �) )

= ~
m
Im( �r )

 = �(x; t)
p

e
i

~S(x;t) ) j= �
m
rS

�(x; t)=  � 
@�
@t
+rj=0 : Equation of continuity

Harmonic Oscillator

1-Dimensional Harmonic Oscillator

Ĥ = p̂2

2m
+ 1
2
m!2x̂2

=~!
�
âyâ+ 1

2

� â = m!
2~

r �
x̂+ ip̂

m!

�
ây = m!

2~

r �
x̂¡ ip̂

m!

� [â; ây] = 1

[âyâ; â] =¡â [âyâ; ây] = ây

âyjni= n+1
p

jn+1i âjni= n
p
jn¡ 1i jni= 1

n!
p (ây)nj0i

Eigen Function
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ây=¡ i

2m~!
p exp

�
1
2
�2x̂2

�
p̂exp

�
¡1
2
�2x̂2

�
�� m!

~

r

 n(x)=
�

n!2n �
p

r
Hn(�x)exp

�
¡1
2
�2x̂2

�

Hn(z)� (¡1)nexp(z2)
�
d
d x

�n
exp(¡z2) : Hermite polynomials

Coherent State

âjai= ajai a2C

jai= exp(aây¡ a�â)j0i= exp
�
¡1
2
jaj2

�X
n=0

1
an

n!
p jni haja0i= exp

�
¡1
2
ja¡ a0j2

�
Z
dajaihaj=� : Over complete

aây¡a�â= i
~(px̂¡xp̂) where a= m!

2~

r �
x+ i p

m!

�
hajx̂jai=x hajp̂jai= p

�x2�haj(x̂¡hx̂i)2jai= h0jx̂2j0i= 1
2�2

�p2�haj(p̂¡hp̂i)2jai= h0jp̂2j0i= ~
2�2

2
�� m!

~
Time Evolution of Coherent State

ja(t)i= exp
�
¡ i
2
!t

�
exp[a(t)ây¡ a�(t)â]j0i a(t)=a e¡i!t

x(t)�ha(t)jx̂ja(t)i = ~
2m!

r
(a�(t)+ a(t))

= 2~
m!

r
jajcos(!t+ �)

p(t)�ha(t)jp̂ja(t)i =i ~m!
2

r
(a�(t)¡ a(t))

=¡ 2~m!
p

jajsin(!t+ �)

Orbital Angular Momentum of Particle

~ L̂= r̂� p̂ [L̂i; L̂j] = i�ijkL̂k

[L̂�; L̂z] =�L̂� [L̂2; L̂z] = [L̂2; L̂�] = 0 L̂�= L̂x� iL̂y

L̂¡L̂+= L̂2¡ L̂z(L̂z+1) L̂+L̂¡= L̂2¡ L̂z(L̂z¡ 1)

L̂x=¡i
�
¡sin ' @

@�
¡ cot � cos '

@
@'

�
L̂y=¡i

�
cos '

@
@�
¡ cot � sin '

@
@'

�

L̂+= ei'
�
@
@�

+ i cot � @
@'

�
L̂¡= e¡i'

�
¡ @
@�

+ i cot� @
@'

�

L̂z=¡i
@
@'

L̂2=¡ 1
sin �

@
@�

�
sin �

@
@�

�
¡ 1

sin2�

�
@
@'

�
2

Eigen State

L̂2jl;mi= l(l+1)jl;mi L̂z jl; mi=mjl;mi

Hamiltonian
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Ĥ =¡ ~
2

2m
r2+U(jr j)=¡ ~

2

2m
1
r

�
@
@r

�
2

r+ ~2L̂2
2mr2

+U(jr j)

If we let  (r; �; ')= u(r)
r
Ylm(�; ')�

¡ ~
2

2m

�
d
dr

�
2

+ ~
2l(l+1)
2mr2

+U(jr j)
�
u(r)=Eu(r)

Ylm(�; ')�
1
2�

p eim'(¡1)
m+jmj

2
(2l+1)(l¡ jmj)!

2(l+ jmj)!

r
Pl
jmj(cos �)

where Pl
m(x)= (¡1)l

2ll!
(1¡x2)m/2

�
d
dx

�
l+m

(1¡x2)l

L̂�jl;mi= (l�m)(l�m+1)
p

jl;m� 1i

Spin Angular Momentum

Pauli Spin Matrix

�1=
�
0 1
1 0

�
�2=

�
0 ¡i
i 0

�
�3=

�
1 0
0 ¡1

�

�i�j= �ij+ i�ijk�k=

i#j!0@ 1 i�3 ¡i�2
¡i�3 1 i�1
i�2 ¡i�1 1

1A �i�j+�j�i=2�ij

(� �a)(� � b)=a � b+ i� � (a� b) (� � p)2= p2

f� � (¡ir¡ qA)gf� � (¡ir¡ qA)g'=(¡ir¡ qA)2'¡ q� � (r�A)'

exp(i��i)= cos�+ i�isin�

a+�ia�i=2Tr(a)I2

Composition of Angular Momentum

Clebsch-Gordan Coefficient

j1; j2 : given

jj1j2;m1m2i= jj1;m1i
 jj2;m2i or jj1j2; jmi

jj1j2; jmi=
X
m1;m2

hj1j2;m1m2jj1j2; jmijj1;m1i
 jj2;m2i

hj1j2;m1m2jj1j2; jmi : CG coefficient

jj1j2; jmi=
�

(j+m)!
(2j)!(j ¡m)!

�
1/2

Ĵ¡
j¡mjj1j2; j j i

Racah's formula

hj1j2;m1m2jj1j2; jmi= 2j+1
p �

(¡j+ j1+ j2)! � (j+ j1¡ j2)! � (j ¡ j1+ j2)!
(j+ j1+ j2+1)!

�
1/2

� [(j1+m1)! � (j1¡m1)! � (j2+m2)! � (j2¡m2)! � (j2+m2)! � (j2¡m2)!]1/2

�
X
k

(¡1)k
k!

[(j1+ j2¡ j ¡ k)! � (j1¡m1¡ k)! � (j2+m2¡ k)!

� (j ¡ j2+m1+ k)! � (j ¡ j1¡m2+ k)!]¡1

d-function

dn;m
j (�)�hj ; nje¡i�Ĵyjj ;mi
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dn;m
j (�)= d¡m;¡n

j (�)= (¡1)n¡mdm;n
j (�) dn;m

j (�)= (¡1)j+ndn;¡m
j (�¡ �)0@ d1/2;1/2

1/2
d1/2;¡1/2
1/2

d¡1/2;1/2
1/2

d¡1/2;¡1/2
1/2

1A=
0BBBB@ cos

�
2
¡sin�

2
sin

�
2

cos
�
2

1CCCCA
0BB@ d1;1

1 d1;0
1 d1;¡1

1

d0;1
1 d0;0

1 d0;¡1
1

d¡1;1
1 d¡1;0

1 d¡1;¡1
1

1CCA=
0BBBBBBBBBBBBBB@

1+ cos �
2

¡sin �
2

p 1¡ cos �
2

sin �
2

p ¡cos � ¡sin �
2

p

1¡ cos �
2

sin �
2

p 1+ cos �
2

1CCCCCCCCCCCCCCA
Perturbation Theory (~=1)

H0jni= i
@
@t
jni jn; ti=U0(t; t0)jn; t0i= e¡iEn(t¡t0)jn; t0i

(H0+V )j i= i
@
@t
j i j ; ti=U(t; t0)j ; t0i

Integral equation on U(t; t0)

U(t; t0)=U0(t; t0)¡ i
Z
t0

t

dt 0U0(t; t 0)V (t 0)U(t 0; t0)

Perturbation Expansion U(t; t0)=U0(t; t0)+U (1)(t; t0)+U (2)(t; t0)+ ���

U (1)(t; t0)=¡i
Z
t0

t

dt 0U0(t; t 0)V (t 0)U0(t 0; t0)

U (2)(t; t0) =(¡i)
2

2!

Z
t0

t

dt 0
Z
t0

t0

dt 00U0(t; t 0)V (t 0)U0(t 0; t 00)V (t 00)U0(t 00; t0)

=(¡i)
2

2!

Z
t0

t

dt 0
Z
t0

t

dt 00T [U0(t; t 0)V (t 0)U0(t 0; t 00)V (t 00)U0(t; t0)]

U(t; t0)=U0(t; t0)T exp
�
¡i

Z
t0

t

dt 0U0(t0; t 0)V (t 0)U0(t 0; t0)
�

where T is time ordering operator (T-product)

Transition Amplitude

Afi
(1)�hf ; tjU (1)(t; t0)ji; t0i=¡i

Z
t0

t

dt 0Vfi(t 0)ei(Ef¡Ei)(t
0¡t0)

Vfi(t 0)�hf ; t0jV (t 0)ji; t0i=
Z
dx0�f

�(x0; t0)V (x0; t 0)�i(x0; t0)

Afi
(2)=(¡i)2

X
n

Z
t0

t

dt 0
Z
t0

t 0

dt 00Vfn(t 0)ei(Ef¡En)(t
0¡t0)Vni(t 00)ei(En¡Ei)(t

00¡t0)

In case that V is independent of t

t0!¡1 t!+1
Tfi�hf ;1jU(1;¡1)ji;¡1i

Tfi
(1)=¡2�iVfi �(Ef ¡Ei)

Tfi
(2)=¡2�i

X
n

Vfn
1

Ei¡En+ i"
Vni �(Ef ¡Ei)

Fermi Golden Rule

Wi!f =
2�
~ jMfij2� Mfi=Vfi+

X
n=/ i

VfnVni
Ei¡En

+ ��� Vfi�hf jV̂ jii

�: Number of the final state per unit energy
dn
dE

= �(Ef ¡Ei)
Vd3p
(2�~)3
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