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Neutrino Mixings: 
Achievements

From discovery to precision measurements

Figure 3 shows the results obtained by adding (with
respect to Fig. 2) the SK atmospheric data in the most
complete data set. It thus represents a synopsis of the
current constraints on each oscillation parameter, according
to our global 3ν analysis. The main differences with respect
to Fig. 2 include (i) an even more pronounced preference
for sin δ < 0, with a slightly lower best fit at δ≃ 1.4π; (ii) a
slight reduction of the errors on Δm2 and a relatively larger
variation of its best-fit value with the hierarchy; and (iii) a
preference for θ23 in the first octant for both NH and IH,
which is a persisting feature of our analyses [2,4]. The
effects (ii) and (iii) show that atmospheric neutrino data
have the potential to probe subleading hierarchy effects,
although they do not yet emerge in a stable or significant
way. Concerning effect (i), it should be noted that the
existing full 3ν analyses of atmospheric data [6,29], as well
as this work, consistently show that such data prefer δ
around 1.5π or slightly below, although with still large
uncertainties. Table I summarizes in numerical form the
results shown in Fig. 3.
When comparing Figs. 1–3, it is interesting to note an

increasingly pronounced preference for nonzero CP vio-
lation with increasingly rich data sets, although the two CP-
conserving cases ðδ ¼ 0; πÞ remain allowed at ≲2σ in both
NH and IH, even when all data are combined (see Fig. 3). It
is worth noticing that the two maximally CP-violating cases
(sin δ ¼ $1) have opposite likelihood: while the range
around δ ∼ 1.5π ðsin δ ∼ −1Þ is consistently preferred,
small ranges around δ ∼ 0.5π ðsin δ ∼þ1Þ appear to be
disfavored (at > 2σ in Fig. 3). In particular, for the specific
case of NH and at ∼90% C.L. (∼1.6σ), only the range
sin δ < 0 is allowed in Fig. 3, while the complementary one
is disfavored, with the two CP-conserving cases being just
“borderline.” In the next few years, the appearance channel
in LBL accelerator experiments will provide crucial data to
investigate these intriguing CP violation hints.
From the comparison of Figs. 1–3, one can also notice a

slight overall preference for nonmaximal mixing ðθ23 ≠ 0Þ,

although it appears to be weaker than in Ref. [4], essentially
because the most recent T2K data prefer nearly maximal
mixing [18,19], and thus they “dilute” the opposite pref-
erence coming from MINOS [21,23] and atmospheric data
[4]. Moreover, the indications about the octant appear to be
somewhat unstable in different combinations of data. In the
present analysis, only atmospheric data consistently prefer
the first octant in both hierarchies, but the global fit
significance is non-negligible (∼90% C.L.) only in NH
(see Fig. 3). By excluding LBL accelerator data from the
global fit, the significance of θ23 < π=4 would rise to ∼2σ
in NH and ∼1.5σ in IH (not shown). It should be noted that,
in a recent 3ν global fit [6], the preferred octant toggles with
the hierarchy, while in the latest atmospheric 3ν analyses
from the SK Collaboration [28,29] (without LBL accel-
erator data), the second octant is preferred in both NH and
IH. We remark that such differences in the θ23 fit results
should not be considered as conflicting with each other,
since they are all compatible within the (still large) quoted
uncertainties.
We also emphasize that no atmospheric ν analysis

performed outside the SK Collaboration [4–7] can possibly
reproduce in detail the official SK one, which currently
includes hundreds of bins and > 150 systematic error
sources [27]; on the other hand, this level of complexity
also hinders the interpretation of subleading effects at the
∼1σ level, such as those related to (non)maximal mixing,
which are diluted over many data points and whose size is
comparable to systematic uncertainties. We continue to
argue, as discussed in Ref. [2], that our slight preference for
θ23 < π=4 in atmospheric ν data stems from a small but
persisting overall excess of low-energy electronlike events;
see also Ref. [5] for a similar discussion. We are unable to
trace the source of a slight preference for θ23 > π=4 in the
official SK analysis. In any case, these fluctuations in
atmospheric fit results show how difficult it is to reduce the
allowed range of θ23 on the basis of atmospheric neutrino
data only. In this context, the disappearance channel in LBL

TABLE I. Results of the global 3ν oscillation analysis, in terms of best-fit values and allowed 1σ, 2σ and 3σ ranges for the 3ν mass-
mixing parameters. See also Fig. 3 for a graphical representation of the results. We remind that Δm2 is defined herein as
m2

3 − ðm2
1 þm2

2Þ=2, with þΔm2 for NH and −Δm2 for IH. The CP-violating phase is taken in the (cyclic) interval δ=π ∈ ½0; 2'. The
overall χ2 difference between IH and NH is insignificant (Δχ2I-N ¼ −0.3).

Parameter Best fit 1σ range 2σ range 3σ range

δm2=10−5eV2 (NH or IH) 7.54 7.32–7.80 7.15–8.00 6.99–8.18
sin2 θ12=10−1 (NH or IH) 3.08 2.91–3.25 2.75–3.42 2.59–3.59
Δm2=10−3eV2 (NH) 2.43 2.37–2.49 2.30–2.55 2.23–2.61
Δm2=10−3eV2 (IH) 2.38 2.32–2.44 2.25–2.50 2.19–2.56
sin2 θ13=10−2 (NH) 2.34 2.15–2.54 1.95–2.74 1.76–2.95
sin2 θ13=10−2 (IH) 2.40 2.18–2.59 1.98–2.79 1.78–2.98
sin2 θ23=10−1 (NH) 4.37 4.14–4.70 3.93–5.52 3.74–6.26
sin2 θ23=10−1 (IH) 4.55 4.24–5.94 4.00–6.20 3.80–6.41
δ=π (NH) 1.39 1.12–1.77 0.00 − 0.16⊕ 0.86 − 2.00 ( ( (
δ=π (IH) 1.31 0.98–1.60 0.00 − 0.02⊕ 0.70 − 2.00 ( ( (
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The standard three-neutrino (3ν) oscillation framework is being increasingly refined by results coming
from different sets of experiments, using neutrinos from solar, atmospheric, accelerator and reactor sources.
At present, each of the known oscillation parameters [the two squared mass gaps ðδm2;Δm2Þ and the three
mixing angles ðθ12; θ13; θ23Þ] is dominantly determined by a single class of experiments. Conversely, the
unknown parameters (the mass hierarchy, the θ23 octant and the CP-violating phase δ) can currently be
constrained only through a combined analysis of various (eventually all) classes of experiments. In the light
of recent new results coming from reactor and accelerator experiments, and of their interplay with solar and
atmospheric data, we update the estimated Nσ ranges of the known 3ν parameters and revisit the status
of the unknown ones. Concerning the hierarchy, no significant difference emerges between normal and
inverted mass ordering. A slight overall preference is found for θ23 in the first octant and for nonzero
CP violation with sin δ < 0; however, for both parameters, such preference exceeds 1σ only for normal
hierarchy. We also discuss the correlations and stability of the oscillation parameters within different
combinations of data sets.
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I. INTRODUCTION

The vast majority of experimental results on neutrino
flavor oscillations converge towards a simple three-
neutrino (3ν) framework, where the flavor states να ¼
ðνe; νμ; ντÞ mix with the massive states νi ¼ ðν1; ν3; ν3Þ via
three mixing angles ðθ12; θ13; θ23Þ and a possible CP-
violating phase δ [1]. The observed oscillation frequencies
are governed by two independent differences between the
squared masses m2

i , which can be defined as δm2 ¼ m2
2 −

m2
1 > 0 and Δm2 ¼ m2

3 − ðm2
1 þm2

2Þ=2, where Δm2 > 0
and < 0 correspond to normal hierarchy (NH) and inverted
hierarchy (IH), respectively [2]. At present, we know five
oscillation parameters, each one with an accuracy largely
dominated by a specific class of experiments, namely θ12
by solar data; θ13 by short-baseline (SBL) reactor data;
θ23 by atmospheric data, mainly from Super-Kamiokande
(SK); δm2 by long-baseline reactor data from KamLAND
(KL); and Δm2 by long-baseline (LBL) accelerator data,
mainly from MINOS and T2K. However, the available data
are not yet able to determine the mass hierarchy, to
discriminate the θ23 octant, or to discover CP-violating
effects. A worldwide research program is underway to
address such open questions and the related experimental
and theoretical issues [3].
In this context, global neutrino data analyses [4–7] may

be useful to get the most restrictive bounds on the known
parameters, via the synergic combination of results from
different classes of oscillation searches. At the same time,

such analyses may provide some guidance about the
unknown oscillation parameters, a successful example
being represented by the hints of sin2 θ13 ∼ 0.02 [8–11],
which were discussed before the discovery of θ13 > 0 at
reactors [12–14]. Given the increasing interest in the known
oscillation parameters, as well as in possible hints about the
unknown ones, we find it useful to revisit the previous
analysis in Ref. [4] by including new relevant data which
have become available recently (2013–2014) and which
turn out to have an interesting impact on the fit results.
In particular, with respect to Ref. [4], we include the

recent SBL reactor data from Daya Bay [15] and RENO
[16], which reduce significantly the range of θ13. We also
include the latest appearance and disappearance event
spectra published in 2013 and at the beginning of 2014
by the LBL accelerator experiments T2K [17–19] and
MINOS [20,21], which not only constrain the known
parameters ðΔm2; θ23; θ13Þ but, in combination with other
data, provide some guidance on the θ23 octant and on
leptonic CP violation. To this regard, we find a slight overall
preference for θ23 < π=4 and for nonzero CP violation with
sin δ < 0; however, for both parameters, such hints exceed
1σ only for normal hierarchy. No significant preference
emerges for normal versus inverted hierarchy. Among the
various fit results which can be of interest, we find it useful to
report both the preferred Nσ ranges of each oscillation
parameter and the covariance plots of selected couples of
parameters, as well as to discuss their stability and the role of
different data sets in the global analysis.
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Neutrino Mixings: 
Challenges

Mass Hierarchy 

Octant Degeneracy 

Leptonic CP Violation

δm231≷ 0 ? 

θ23≷ π/4 ? 

sin δCP = 0 ?

Oscillation experiments with very long baseline 
(1000~10000 km) 

Exploiting the matter effect



Evaluating the Matter Effect
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Physics potential of neutrino oscillation experiment

with a far detector in Oki Island

along the T2K baseline
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Abstract

Oki Island is located between Japan and Korea along the Tokai-To-Kamioka

(T2K) baseline. The distance from J-PARC to Oki Island is about 653km, which is

twice that of the T2K experiment (L = 295km). When the off-axis angle of the neu-

trino beam from J-PARC is 3.0◦ (2.0◦) at Super-Kamiokande (SK), the off-axis beam

(OAB) with 1.4◦ (0.6◦) reaches at Oki Island. We examine physics case of placing

a far detector in Oki Island during the T2K experimental period. We estimate the

matter density profile along the Tokai-to-Oki baseline by using recent seismological

measurements. For a detector of 100 kton fiducial volume and 2.5× 1021 POT (pro-

tons on target) exposure for both νµ and ν̄µ beams, we find that the mass hierarchy

pattern can be distinguished at 3 σ level if sin2 2θRCT ≡ 4|Ue3|2(1− |Ue3|2) ∼> 0.09, by

observing the electron-like CCQE (Charged-Current Quasi Elastic) events. The CP

phase in the Maki-Nakagawa-Sakata lepton flavor mixing matrix, δMNS, can be con-

strained with ±20◦. As a reference, we repeat the same analysis by placing the same

detector in Korea at L = 1000 km and OAB=0.5◦ (T2KK) and also by placing it at

the SK site (T2K122). The Tokai-to-Kamioka-OKI (T2KO) sensitivity to the mass

hierarchy is about 1/3 (in ∆χ2
min) of T2KK, while the sensitivity to the phase δMNS

is similar between T2KO and T2KK. The T2K122 option has almost no sensitivity

to the mass hierarchy, and cannot measure the CP phase except when δMNS ∼ −90◦

(90◦) for the normal (inverted) hierarchy.

∗Present address : PLP Division, SHINKO ELECTRIC INDUSTRIES CO., LTD, Nagano, 381-0103, Japan.
†e-mail : nokamura@yamanashi.ac.jp
‡e-mail : senda@post.kek.jp
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Figure 6: The same as Fig. 5, but for Tokai-to-Oki Island (L = 653km), where the fiducial

volume of 100 kton and the off-axis angle of 1.4◦ is assumed for the far detector. The results

are for sin2 2θRCT = 0.08 and δMNS = 0◦, and ρ̄T2Oki = 2.75 g/cm3, see eq. (28b).

for all the four cases. The peaks at Eν ∼ 1 GeV in the event numbers are obtained by the

convolution of the oscillation probability, whose first peak is located around Eν ∼ 1.2 GeV

for the normal or slightly above 1 GeV for the inverted hierarchy, as shown in Fig. 4 (P1)-

(P4), and the 1.4◦ OAB fluxes that have a peak at around 0.8 GeV in Fig. 4 (a3) and

(b3), as shown by green dashed lines. The difference between the normal and inverted

hierarchy is larger than that of the T2K experiment. One can observe the second peak

in the 400∼600 MeV bin for the normal hierarchy case, (a1) and (b1), but not for the

inverted case. This is because the matter effect to the oscillation phase, the term Be in

eqs. (22) and (23b), grows with the baseline length L, and shifts the peaks of the oscillation

maximum at |∆13 + Be| ∼ π, 3π, · · · in the opposite directions; toward higher (lower)

energies for the normal (inverted) hierarchy. More accurately speaking, the above phase

shift pattern applies for cos δMNS ∼ 1, as can be read off from eq. (23b), where the matter

effect diminishes (enhances) the shift for the normal (inverted) hierarchy. The pattern

reverses for cos δMNS ∼ −1. Likewise, the matter effects on the oscillation amplitudes are

also clearly seen: we expect more (less) νµ → νe events than ν̄µ → ν̄e events around the

first oscillation peak when the hierarchy is normal (inverted) as can be seen from eq. (23a).

This pattern is enhanced when sin δMNS ∼ −1 whereas it is diminished when sin δMNS ∼ 1.

K. Hagiwara, T. Kiwanami, N. Okamura, K.-i. Senda (2013)

Event number/[2.5x1021 POT] vs Eν/[GeV]

L = 693km
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Density Profile on a Baseline
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Matter Density Profile
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Constant vs. Earth Model

L = 12000
km

�0 = 7.58 g/cm
3

�m
2
31

= 2.5 10
�3 eV

2

�m
2
21

= 7.9 10
�5 eV

2

sin
2 2�12

= 0.84

sin
2 2�23

= 1.00

sin
2 2�13

= 0.05

sin � = 0.00

�1 = �2.16 g/cm
3



Matter Profile: Fourier Series

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 0

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 1

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 3

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 5

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 10

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 50

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 100

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 500



Formulation

2



Modeling Density Profiles

Step function

Fourier series

Koike-Sato (1998), Ota-Sato (2003),  

Koike-Ota-Saito-Sato (2009)...

Akhmedov (1988), Krastev-Smirnov (1989), Krastev-Smirnov (1989), 
Liu-Smirnov (1998), Petcov (1998), Chizhov-Petcov (1998), ..., 

Akhmedov-Maltoni-Smirnov (2005), ...



Two-Flavor Oscillation

Matter effect a(x) = 2
�

2GFne(x)E

Evolution equation of the two-flavor neutrino

i
d
dx

�
⇤e(x)
⇤µ(x)

⇥
=

1
2E

⇤
�m2

2

�
� cos 2⇥ sin 2⇥
sin 2⇥ cos 2⇥

⇥
+

�
a(x) 0

0 0

⇥⌅ �
⇤e(x)
⇤µ(x)

⇥

Second-order equation in dimensionless variables

z��(⇥) +
1
4

⇤�
�m(⇥)�� cos 2�

⇥2 + �2 sin2 2� + 2i��
m(⇥)

⌅
z(⇥) = 0

MK-Ota-Saito-Sato, PLB 675, 69 (2009)

Dimensionless variables:

Initial conditions , z(0) = 0 , z�(0) = �i
�
2

sin 2��µ(0) = 1�e(0) = 0

 z(⇥) = �e(⇥) exp
⇥ i
2

� �

0
ds�m(s)

⇤
· · ·

���e(⇥)
��2 =

��z(⇥)
��2

� � x

L
� � �m2L

2E
�m(�) � a(�)L

2EDistance Reciprocal E Matter effect



Constant-Density Matter

Prob(�µ � �e) � sin2 �0�

123 1

ξ = 1
Dips at ω0 = nπ

Constant density: Δm(ξ) ≡ Δ0 = (const.)

� �2
0 (const.)

z��(⇥) +
1
4

��
�m(⇥)�� cos 2�

�2 + �2 sin2 2� + 2i��
m(⇥)

�

� �� �
z(⇥) = 0



Presence of the n-th Fourier mode

Inhomogeneous Matter

Fourier series of inhomogeneous matter

�m(�) =
��

n=0

�mn cos 2n⇥�⇥(x) =
��

n=0

⇥n cos
2n�

L
x ,

z��(⌅) +
�
⌃2

0 + �n cos 2n⇧⌅ � i⇥n sin 2n⇧⌅ + ⇤n cos 4n⇧⌅
⇥
z(⌅) = 0

�n =
1
8
�2

mn�n =
1
2
(�m0 �� cos 2⇥)�mn ,

⇥2
0 =

1
4
(�m0 �� cos 2�)2 +

1
4
�2 sin2 2� +

1
8
�2

mn ,

�n = n⇥�mn ,

z��(⇥) +
1
4

⇤�
�m(⇥)�� cos 2�

⇥2 + �2 sin2 2� + 2i��
m(⇥)

⌅
z(⇥) = 0

⇢(x) = ⇢0 + ⇢n cos
2n⇡

L

x ,

�m(⇠) = �m0 +�mn cos 2n⇡⇠

Mathieu Equation
z��(t) + (�2 � 2⇥ cos t)z(t) = 0



Parametric Resonance
• Periodic perturbation 

• Twice in a period 

• Grows amplitude of 
oscillation 

• Matter effect as a bunch of 
periodic perturbations

Pow! Pow!

Ermilova et al. (1986), Akhmedov (1988), Krastev-
Smirnov (1989), Liu-Smirnov (1998), Petcov (1998), 
Chizhov-Petcov (1998), ..., Akhmedov-Maltoni-
Smirnov (2005), ...

2�0

ω0



z��(⌅) +
�
⌃2

0 + �n cos 2n⇧⌅ � i⇥n sin 2n⇧⌅ + ⇤n cos 4n⇧⌅
⇥
z(⌅) = 0

⇥0 = n�

E = E(±)
n ⇤ �m2L

2
1

�m0 cos 2⇥ ±
�

4n2⇤2 ��2
m0 sin2 2⇥

The values of other parameters used in this plot found in arXiv:0902.1597 [hep-ph].

Mode 1

Mode 2

Mode 3

Resonance Condition

Parametric Resonance 
Condition

n-th mode

n-th dip 1st dip

2nd dip

3rd dip

Mode 1

Mode 2

Mode 3

Matter Profile



Effect of the Mode 1

ρ1 = (0→5)g/cm3

1st Dip



Effect of the Mode 2

2nd Dip

ρ2 = (0→5)g/cm3



Matter-Profile Effects
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Oscillogram: Full Profile

12500

12000

11500

11000

10500

Ba
se

lin
e 

Le
ng

th
 / 

[k
m

]

7.06.56.05.55.04.54.03.53.02.52.01.51.0

Neutrino Energy / [GeV]
 0

.4
  0.4 

 0
.4

 

 0.4 

 0.3 

 0.3 

 0.3 
 0

.3
 

 0.3 

 0.2 

 0.2 

 0.2 

 0
.2

 

 0
.1

 

 0.
1 

 0
.1

 

 0
.1

 
 0

.1
  0

.1
 

 0
.1

 

 0.1 

 0.1 

 0.1 

 0
.1

 

 0.1 

Full (PREM)

12

10

8

6

4

2

0

D
en

sit
y 

/ [
g/

cm
3 ]

120001000080006000400020000
Length / [km]

L = 12000kmN = 0



Fourier Coefficients

8

6

4

2

0

-2

C
oe

ffi
ci

en
t /

 [g
 c

m
–3

]

1250012000115001100010500

Baseline Length / [km]

0th (Average)

1st

2nd

3rd



Oscillogram: First Few Modes
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Up to 3rd

νµ → νe
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Oscillogram: Residues
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Summary & Outlook

Fourier analysis is powerful to account for the matter-profile 
effects in neutrino oscillation. 

• n-th Fourier mode ↔ n-th dip of the appearance probability 
• Inhomogeneity  → Parametric resonance 
• Systematic improvement 
Low Eν ↔ Small-size structure of matter
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First-mode effect



Second-mode effect


