
Quick Reference to Dynamics Ver.0.7a

Acceleration in Spherical Coordinates

ar = r̈ − rθ̇
2

aθ = rθ̈ + 2ṙθ̇ =
1

r

d

dt

(

r2
dθ

dt

)

Miscellaneous Formulas

FS =−∇U pṠ =FS

lS = rS × pS Angular momentum

NS = rS ×FS Moment of force lṠ =NS

µ=
mM

m+M
Reduced mass

Rotating Coordinate System

Consider S’ that rotates about an axis in S by angular velocity ωS

dAS

dt
=
d′AS

dt
+ωS ×AS

drS

dt
=ωS × rS

d2AS

dt2
=
d′

2
AS

dt2
+2ωS ×

d′AS

dt
+ωS × (ωS ×AS )+ωṠ ×AS ωṠ =

dωS

dt
=
d′ωS

dt

Moment of Inertia

I =

∫

ρr2dv Moment of inertia about Line ℓ r : Distance from Line ℓ

Inertia Tensor

Ixx =

∫

ρ(y2 + z2)dv Iyy =

∫

ρ(z2 + x2)dv Izz =

∫

ρ(x2 + y2)dv

Ixy =−

∫

ρxydv Iyz =−

∫

ρyzdv Izx =−

∫

ρzxdv

Li = Iijωj Iij = Iji

Moment of inertia about a line through origin O with direction cosine (λ, µ, ν).

x

λ
=
y

µ
=
z

ν
λ2 + µ2 + ν2 =1

I =Ixxλ
2 + Iyyµ

2 + Izz ν
2 + 2 Ixyλµ+ 2 Iyzµ ν+ 2 Izx ν λ

=Iij λiλj

where λi =λ, µ, ν

Moment of inertia about a parallel axis

ℓC : A straight line through center of gravity C parallel to line ℓ .
I : Moment of inertia about line ℓ
IC : Moment of inertia about line ℓC

I = IC +Mh2

C

M

h

C

Principal Moment of Inertia

ρS =





ξ

η

ζ



 rS =





x

y

z



 Coordinate transformation ρS =U−1rS UT =U−1

λS =





λ

µ

ν



 Direction cosine vector λ′
S =U−1λS

1



I =λS
T
{Iij}λS =λ′

S

T
UT {Iij}Uλ

′
S =λ′

S

T





A

B

C



λ′
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Examples of principal moment of inertia about simple shapes

A= Ixx B= Iyy C = Izz

Spherical shell A=B=C =
2

3
Ma2 a : Radius

Sphere A=B=C =
2

5
Ma2

Rectangular pole

A=
1

3
M(b2 + c2)

B=
1

3
M(c2 + a2)

C =
1

3
M(a2 + b2)

y

z

2a

2c

2b

x

Circular cylinder

A=B=M

(

a2

4
+
b2

3

)

C =
1

2
Ma2

x

y

z

a
2b

Ellipsoidal

A=
1

5
M(b2 + c2)

B=
1

5
M(c2 + a2)

C =
1

5
M(a2 + b2)

b

c

x

z

ya

Kinetic Energy of Rigid Body

K =
1

2
ωS ·LS =

1

2
Iω2 I : Moment of inertia about the direction of ωS

Motion of Rigid Body around Fixed Point

Euler Equations

Aω̇x − (B −C)ωyωz =Nx A= Ixx

Bω̇y − (C −A)ωzωx =Ny B= Iyy Principal moment of inertia

Cω̇z − (A−B)ωxωy =Nz C = Izz

dK

dt
=ωS ·NS : Enegry equation K : Kinetic energy

LS ·
d′LS

dt
=

1

2

d′LS
2

dt
=

1

2

dLS
2

dt
=NS ·LS

Euler Angles

OXYZ : Space fixed frame ⇒ RS

Oxyz : Body fixed frame ⇒ rS
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rS =





cosϕ cosθ cosψ− sinϕ sinψ sinϕ cosθ cosψ+ cosϕ sinψ −sinθ cosψ
−cosϕ cosθ sinψ− sinϕ cosψ −sinϕ cosθ sinψ+ cosϕ cosψ sinθ sinψ

cosϕ sinθ sinϕ sinθ cosθ



RS

ωx = θ̇sinψ− ϕ̇sinθcosψ θ̇ =ωxsinψ+ωycosψ

ωy = θ̇cosψ+ ϕ̇sinθsinψ � ϕ̇= cosecθ(−ωxcosψ+ωysinψ)

ωz = ϕ̇cosθ+ ψ̇ ψ̇ =ωz − cotθ(−ωxcosψ+ωysinψ)

y
O

Z
θ
z

X
Y

ϕ
x

ψ

RS → rS :Rz(−ψ) ◦Ry(−θ) ◦Rz(−ϕ)

Analytical Machanics of System of Particles

L=T −U : Lagrangian

d

dt

(

∂L

∂q̇r

)

=
∂L

∂qr
(r= 1,� , f)

L=T − qϕ+ qvS ·AS : Lagrangian of charged particle in electric and magnetic field

Hamiltonian

pr =
∂L

∂q̇r

H(pr, qr)=
∑

r=1

f

prq̇r −L(q1,� , qf , q̇1,� , q̇f , t)

q̇r =
∂H

∂pr
ṗr =−

∂H

∂qr
: Canonical Equations

H =
1

2m

(

pS − qAS
)

2 + qϕ : Hamiltonial of charged particle in EM field

H =
1

2m

(

pr
2 +

1

r2
pθ
2 +

1

r2sin2θ
pϕ
2

)

+V (r) : Hamiltonian in spherical coordinate

Canonical Transformation

H(p, q, t)→ H̄ (P , Q, t)

Consider generating functions like W =W (q1,� , qf , Q1,� , Qf , t)→W (q, Q, t)

Generating functions (+ sign for variables q and P , − sign for variables Q and p)

W (q, Q) p=
∂W

∂q
P =−

∂W

∂Q

W (q, P ) p=
∂W

∂q
Q=

∂W

∂P

W (Q, p) P =−
∂W

∂Q
q=−

∂W

∂p

W (p, P ) Q=
∂W

∂P
q=−

∂W

∂p

H̄ =H +
∂W

∂t
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Hamilton-Jacobi Partial Differential Equation

i. Make Hamiltonian. H(q, p, t)

ii. Solve H-J Equation:
∂

∂t
W +H

(

q,
∂W

∂q
, t

)

= 0

Complete solution of H-J eq. will be W (q, α, t) where α= (α1,� , αf) is constant.

iii. pr =
∂W

∂qr
βr =

∂W

∂αr
α, β : Constants

Case that H doesn’t contain t explicitly

i. Solve H-J equation: H

(

q,
∂S

∂q

)

=E

In this case, separation of variables is usually applicable and E and S are

E =E(α1,� , αf) S=S(q1,� , qf , α1,� , αf)

E=α1 +� +αf usually, or E=α1 in case to obtain trajectory.

ii. pr =
∂S

∂qr
βr =−

∂E

∂αr
t+

∂S

∂αr

Poisson Bracket

{u, v}=
∑

r

(

∂u

∂qr

∂v

∂pr
−
∂u

∂pr

∂v

∂qr

)

{u, v}=−{v, u} {u, u}= 0 {u, vw}= v{u,w}+ {u, v}w

{u1 + u2, v1 + v2}= {u1, v1}+ {u2, v1}+ {u1, v2}+ {u2, v2}

{u, v, w}≡ {u, {v, w}}+ {v, {w, u}}+ {w, {u, v}}=0 (Jacobi identity)

Ḟ = {F ,H}+
∂F

∂t
q̇ = {q,H} ṗ= {p,H }

Relativistic Mechanics

xµ = (ct, xS ) uµ =
dxµ

dτ
=(cγ, γvS ) vS =

dxS

dt

dt

dτ
= γ uµuµ = c2

pµ =m0u
µ =

(

E

c
, pS

)

m=m0γ E=mc2 pS =mvS pµpµ =m0
2

F µ =
dpµ

dτ
=

(

γ
FS · vS

c
, γFS

)

FS =
dpS

dt
F µuµ = 0

F µ =m0a
µ aµ =

duµ

dτ
= γ4

(

vS · aS

c
, aS +

vS × (vS × aS )

c2

)

aS ≡
dvS

dt

∂µ =

(

∂

∂x0
,∇

)

=

(

∂

c∂t
,∇

)

kµ =
(

ω

c
, kS
)

jµ = (cρ, jS ) Aµ =

(

φ

c
,AS
)

L=m0c
2

(

1− 1− β2
√

)

−U H =mc2−m0c
2 +U

Charged Particle

L=m0c
2

(

1− 1− β2
√

)

− qϕ+ qvS ·AS H = m0
2c4 + c2

(

pS − qAS
)

2

√

−m0c
2 + q ϕ

pc(GeV)= 0.3 · ρ(m) ·B(Tesla)
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