
Quick Reference to Electromagnetics Ver.0.5l

Maxwell Equation

∇ ·D = ρ

∇×E +
∂B

∂t
= 0

∇ ·B = 0

∇×H − ∂D

∂t
=J

D = εE =ε0(1 + χe)E
=ε0E + P

=εrε0E

B = µH =µ0(1+ χm)H
=µ0H + µ0M

=µrµ0H

F = qE + qv ×B

Lorentz Force

P = χeε0E

M = χmH

Electromagnetic Potential

B = ∇×A E =−∂A

∂t
−∇φ Lorenz gauge

�A = µ0J �φ =
1

ε0
ρ ∇ ·A +

1

c2

∂φ

∂t
=0

Potential energy of a charged particle in electromagnetic field

U = q(φ− v ·A)

Point Charge

E =
1

4πε0

Q

r2

r

r
φ=

1

4πε0

Q

r

Electric Dipole

p = q l

E =
1

4πε0

(

− p

r3
+

3(p · r)r

r5

)

φ =
1

4πε0

p · r
r3

l

−q

q

Multipole

p(n) : Multipole of order 2n

p(n+1)≡ (n + 1)p(n)ln ln→ 0, p(n)→∞
p(0)≡ q (

l

(

n

n

n

)

)

−

p

p

Vn =
(−1)n

4πε0

p(n)

n!

∂n

∂l0∂l1� ∂ln−1

(

1

r

)

=
p(n)

4πε0

Yn(θ, ϕ)

rn+1

Yn(θ, ϕ) =
∑

m=0

n

(anmcosmϕ + bnmsinmϕ)Pn
m(cos θ)

1

|r −x′| =
1

r

∑

l=0

∞ (

x′

r

)

l

Pl(cos θ ′)

θ ′ : angle between r and x′

x’

r

O

Boundary Condition

{

E1‖= E2‖

D1⊥−D2⊥= σ
or

{

φ1 = φ2

ε1
∂φ1

∂n
− ε2

∂φ2

∂n
=−σ

1

2

Solution of Laplace Equation

Spherical Coordinates
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1

r2

∂

∂r

(

r2∂φ

∂r

)

+
1

r2sin θ

∂

∂θ

(

sin θ
∂φ

∂θ

)

+
1

r2sin2θ

∂2φ

∂ϕ2
= 0

φ =
∑

n=0

∞
∑

m=0

n (

anrn +
bn

rn+1

)

(cmcosmϕ+ dmsinmϕ)Pn
m(cos θ)

Axial symmetry around z-axis

φ =
∑

m=0

∞ (

anrn +
bn

rn+1

)

Pn(cos θ)

Cylindrical Coordinates (uniform along z-axis)

r
∂

∂r

(

r
∂φ

∂r

)

+
∂2φ

∂θ2
= 0

φ =
∑

n=1

∞

(ancosnθ + bnsinnθ)

(

cnrn +
dn

r2

)

+ (a0θ + b0)(c0 log r + d0)

Magnetic Dipole

U =−m ·H F = ∇(m ·H)

Nθ =
∂

∂θ
(m ·H) [N =m×H]

H =
1

4πµ0

(

−m

r3
+

3(m · r)r

r5

)

Degaussing Coefficient

H = H0−H ′= H0− νM = H0− (D/µ0)M

where H ′ : degaussing force ν : degaussing fraction D : degaussing coefficient

Sphere D = 1/3

Ellipsoid

i. a > b= c e = a2− b2
√

/a

νa =
1− e2

µ0e2

(

1

2e
log

1+ e

1− e
− 1

)

νb = νc =
1

2µ0e2

(

1− 1− e2

2e
log

1 + e

1− e

)

ii. a = b > c e = a2− c2
√

/a

νa = νb =
1− e2

√

2µ0e2

(

1

e
sin−1e− 1− e2

√ )

νc =
1

µ0e2

(

1− 1− e2
√

e
sin−1e

)

Long Cylinder D = 1/2

Boundary Condition in Magnetic Field

Surface current j on boundary surface

(H2−H1)×n≡ j

B1⊥= B2⊥
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Biot-savart’s Law

dH =
I

4π

ds× r

r3

Vector Potential
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A =
µ

4π

∫

J

r
dv

Magnetic flux

φ =

∫ ∫

B · ds =

∫ ∫

∇×A · ds =

∮

A · dt

Multipole Expansion

A(r)=
µ

4π

∫

J(x′)

|r −x′|d v ′=
µ

4π

∑

l=0

∞
1

rl+1

∫

J(x′)|x′|lPl(cos θ ′)d v ′

A0(r)=
µ

4π

1

r

∫

J(x′)d v ′≡ 0

A1(r) =
µ

4π

1

r3

∫

J(x′)(x′ · r)d v ′

=
µ

4π

m× r

r3

m≡ 1

2

∫

x′×J(x′)d v ′

Boundary Condition






A1 = A2
(

1

µ2
∇×A2− 1

µ1
∇×A1

)

×n = j

Magnetic Field by Current

◦ Straight current with infinite length

H =
I

2πa2
r (r ≤ a) H =

I

2πr
(r ≥ a)

◦ Straight current with finite length

θ

θ

2

1
I

H =
I

4πr
(cos θ1 + cos θ2)

◦ Circular current x

aH =
a2I

2(a2 +x2)3/2

◦ Solenoid with finite length
θ θ

2 1

H =
n I

2
(cos θ2− cos θ1)

Vector Potential by Circular Current

Aφ =
I

4π

∫

0

2π a cos (ϕ− ϕ′)dϕ′

[r2 + r ′2− 2r r ′cos(ϕ− ϕ′)+ (z − z ′)2]1/2 I

a

Energy in Magnetic Field by Current

U =
1

2

∫

J ·Ad v

Poynting Vector

S ≡E ×H
1

ε0µ0
√ = c

H

E
=

ε

µ

√

u =
1

2
(E ·D + H ·B)

Solution of �φ =
ρ

ε0
and �A = µ0J
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φ(x, t)=
1

4πε0

∫

ρ(x′, t− r/c)

r
dx′ r≡ |x−x′|

A(x, t) =
µ0

4π

∫

J(x′, t− r/c)

r
dx′

Liénard-Wiechert Potentials

φ(x, t)=
q

4πε0

1

s
A(x, t)=

µ0q

4π

v

s
s≡ r − r ·v

c

r≡x−x′(t′) r≡ |x−x′(t′)| v≡ ẋ ′(t′) t′= t− r/c

E =
q

4πε0

(

1

s3

(

r − rv

c

)

(

1− v2

c2

)

+
1

c2s3

[

r ×
{(

r − rv

c

)

× v̇
}]

)

B =
µ0q

4π

(

v × r

s3

(

1− v2

c2

)

+
1

c s3

r

r
×
[

r ×
{(

r − rv

c

)

× v̇
}]

)

=
r

c r
×E

If v ≪ c, then s≃r

E =
q

4πε0c2r3
r × (r × v̇) S =

q2r

16π2ε0c3r7
{r × (r × v̇)}2

d W

dt
=

q2

16π2ε0c3

∫

dΩ{n̂ × (n̂ × v̇)}2

=
q2

6πε0c3
(v̇(t))2

n̂ ≡ r

r

Radio Scattering by Point Charge

E0 : Amplitude of incident electromagnetic wave

dσ

dΩ
=

1

(4πε0)2
q2

c4E0
2 |n̂ × (n̂ × v̇)|2 n̂ ≡ r

r

i. Thomson scattering (scattering by free electron)

dσT =

(

e2

4πε0m c2

)

21 + cos2θ

2
dΩ

σT =
8π

3

(

e2

4πε0m c2

)

2

=
8π

3
a0
2 a0≡ e2

4πε0m c2
: Classical electron radius

ii. Rayleigh scattering (scattering by electron bound in atom)

dσR = dσT
ω4

(ω0
2−ω2)2

ω0 : Eigenfrequency

Electric circuit

Alternating Current(V = V0 eiωt)

v(t) L

i(t)

v(t)
+q

C

i(t)

−q
v(t)= L

di(t)

dt
Z = iωL

i(t) =C
dv(t)

dt
Z =

1

iωC

RMS value

V = V0 eiωt I = I0 ei(ωt−φ) Ṽ = V0/ 2
√

Ĩ = I0/ 2
√

P̃ =
1

2
Re(V I∗) =

1

2
V0 I0 cos φ= Ṽ Ĩ cos φ cos φ : phase factor
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